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Abstract 
This thesis presents a study of spiral shape mechanical spring. It is aimed at 
designing the mainspring for mechanical watch movement. First, the relation 
between the energy stored in the mainspring and the Young's modulus of the spring 
is derived. Then, the Young's modulus before and after depositing gold-CNT coating 
on the mainspring segment is found by the means of experiment, and verified by 
FEA. The elastic modulus increases 2.562% after the CNT coating, and thus 2.562% 
more energy is stored after by the mainspring after the CNT coating. Moreover, the 
torque-rotation relation of a mainspring segment under center load, both ends fixed 
beam test is studied. It is found that the Nix's mathematical model of large deflection 
beam is the best model to that fits the experimental measurement for the mainspring 
segment, with percentage error less than 1.7%. The result is verified by FEA, with 
percentage error less than 3.3%. 
Finally, a FEA computer program is implemented using Matlab® for simulating 
the winding of a mainspring inside the barrel. An algorithm is developed to deal with 
the boundary condition of the rotating shaft, and avoiding the spring segment cutting 
through the shaft. The simulated mainspring position during the rotating is saved and 
displayed. Base on the FEA result, the torque-rotation relation of the spiral spring is 
then derived. The frictionless case of a mainspring segment with one turn is 
illustrated and verified with the experimental results with percentage error less than 
1%. Also, it is found that the relation is almost the same as the traditional linear 
equation for frictionless or no contact case of the spiral spring with percentage error 







了 2.562%，換言之在塗層以後主發條存放的能量多了 1 5 6 2 % �另外，我以中 
心負載，兩端固定的梁測試來硏究主發條的力矩••角位移關係。我發現了 N k 的 
大幅度變形模型是最佳的數學模型，可有效地描述非線性的梁測試實驗結果， 
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1. Introduction 
In precision engineering, the devices often have tiny components, which are mainly 
in millimeter / micrometer-scale. Typical examples include shafts, bearings, springs, 
gears in mechanical watch movements, digital cameras, Micro-Electrical-Mechanical 
Systems (MEMS). These components require sophisticated design and precise 
manufacture for prolonged usage with minimal maintenance. Because of the small 
size, traditional engineering design and manufacturing methods are being challenged. 
During my M. Phil, studies, I studied two micro mechanical components: micro 
bearing and micro spiral spring. 
1.1 Micro bearing in precision engineering 
One can image a small shaft about 1 mm in diameter, even a small vibration may 
cause the shaft pounding against the bearing resulting in significant damage. Various 
solutions have been developed, like the classical design developed by Breguet® over 
one hundred years ago using a two-piece jewel bearing. While this method is 
effective, it has two limitations. First, the jewels are difficult to make. Second, it 
introduces additional assembly errors. The other design is the flexible air bearing. 
Various studies of flexible air bearing can be found in the literature. Examples 
include flexible rotor-bearings system [1, 2], flexible supports with gyroscopic effect 
[3], flexible rotor system on flexible suspensions used in high speed rotors for jet 
engines and turbopumps for space vehicles [4]. Studies also include the effects of 
bearing support flexibility on rotor stability and unbalance [5], rotor imbalance and 
misalignment in flexibly mounted machines or flexible rotating machine [6, 7]. 
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Modeling and simulation are very important for these studies. Recent reports include 
the numerical and experimental study on the effects of the bearing support flexibility 
on the rotor dynamic [8], air-bearing spacecraft simulators [9], and model of flexible 
rotating machines [10]. 
I proposed a new design based on flexure structure, which is an air-bearing with 
flexure that provides 3D damping. Flexure is a mechanical structure that uses the 
elastic deformation of the material to work as a joint or a damper, delivering energy 
and motion from specified input to output. This compliant mechanism has some 
intrinsic advantages. First, it can be manufactured without much difficulty. Second, it 
is lightweight. Third, it can reduce the assembly errors. Moreover, it provides the 
necessary damping to protect the shaft. These merits have made the flexures 
mechanism being used in many applications such as in MEMS, minimally invasive 
surgery instruments, and mechanical watches. For example, flexure mechanism 
achieves precision opening motion of the micro grippers [11], Some interferometric 
instruments use flexure elements in high-accuracy linear guiding mechanism for 
closed-loop control in Corner Cube Mechanism (CCM) [12]. Also, flexure structures 
are found in carbon fiber microrobotic mechanisms [13], ultra-precision beam 
steering with nanopositioning mechanism [14], or application in robotic hands [15]. 
Moreover, flexures are applied to compliant mechanisms, such as diaphragm flexure 
for precision compliant mechanisms [16], active high-accuracy and large bandwidth 
mechanism [17]. 
Two designs are presented as shown in Fig. 1.1 and 1.2 respectively: one has 8 
spiral slots in the radian direction, while the other has 12 T-shape slots in the radian 
direction. This spiral slots design is shown in Fig. 1.1. The bearing is made of 1 mm 
thick stainless steel and the diameter of the hole is 1 mm. It has eight spiral slots with 
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each pairs slots being 45° apart for protection along the radian direction. The width 
of the slot is 0.1 mm and the length is approximately 8.80 mm. 
The T-shape design is shown in Fig. 2.2. The size and the materials are the same 
as the spiral shape design. Though, it consists of 12 T-shape slots along the radian 
direction, each slot is 30 degrees apart. The angle between the slots is 30°. The 
dimension of the slot is shown in Fig. 2.2, with parameter ' a ' being calculated using: 
a X (slots—number) = 360 x (% rating). For a bearing with 12 slots with 60% 
circumference rating, a = 360° x 60% + 1 2 = 1 8 ° . In calculating the length of the slot, 
d, it is assumed that the total length of slot is the same as the spiral design. This 
results \ n d = 0.44mm and leading outer radius = 1.04 mm. 
For the protection in axial direction, a bearing cap is designed. As shown in Fig. 
1.3, the bearing cap is 0.5mm thick circular disk formed by the revolution of a cross 
section. The cross section is made of three 0.4 mm diameter circular notch, which 
forms a flexure for protection in the axial direction of the bearing. Note that the cross 
section can be considered as a 4-bar linkage, where the compliance is achieved by 
the flexure structure. 
Finally, all the parts are assembled to become a bearing system. It includes a 
shaft and a pair of bearings (Fig. 1.4). The shaft is 10 mm long, with 0.99 mm 
diameter. In other words, the gap between the bearing and the shaft is 1 mm. The 
flexure-bearing system is aimed at preventing the shaft being pounding against the 
bearings during an impact. For simplicity, it is assumed that screw mounting effect 
can be omitted in the FEA. 
The new designs are first modeled using CAD software, and their performances 
are verified by Finite Element Analysis (FEA). The design process is an iterative 
process. If the FEA result is unsatisfactory, such as material failure, insufficient 
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protection against impact, etc, the design will be changed and analyzed again. This 
iterative design process is shown in Fig. 1.5. This study results is published in a 
paper: Proceedings of the 7 th ICFDM2006, International Conference on Frontiers of 
Design and Manufacturing, June 19-22, 2006, Guangzhou, China, Pages 269-274. 
Since this work is not related to the study of micro springs, I simply attached the 
paper in Appendix A3. 
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Fig. 1.2 Illustration of the 丁-shape micro bearing design 
4 
- ： 、 ： 、 ^ 
i 、办 
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Fig. 1.4 The bearing assembly with exploded view 
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Fig. 1.5 Iterative FEA to optimize the design 
1.2 Micro spiral spring 
Spiral springs are used for energy storage. A typical example is the mainspring in a 
mechanical watch movement. The mainspring is a rectangular cross-section, long 
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metal strip made of alloyed steel, approximately 200-300 mm in length and 0.05-0.2 
mm in thickness. The preload [18] shape is evolved from a plain coil to a reversed 
curve in the form of which depends on the material elastic limit, as shown in Fig. 1.6. 
For most mechanical watches, the mainspring is required to provide sufficient energy 
for the watch to run for 48 hours or more [19], 
In a mechanical watch, the mainspring is coiled inside a barrel. When the 
uncoiling mainspring wound inside the core of the barrel tries to regain its initial 
shape naturally, the working energy for the watch is produced. Then, the teeth on the 
barrel transmit the torque to the gear train providing the energy for the escapement of 
the watch movement. As shown [19], the maximum energy stored in a mainspring 
barrel could be increased by enlarging the value of its material Young's Modulus 
(modulus of elasticity). Thus, mainsprings are highly elastic. 
LQ 
Fig. 1.6 A totally released mainspring 
In order to increase the Young's Modulus of the mainspring, and hence to 
improve its performance, our team proposes is to use functionalized carbon 
nanotubes (f-CNTs) film coating on the mainspring. By utilizing the superior 
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mechanical properties of CNTs，such as high hardness (which is comparable with 
Ruby) and good toughness, it is possible to improve the power storage capacity and 
reduce the friction [20, 21, 22, 23]. The f-CNTs film is fabricated by simple 
electrochemical deposition. The multi-walled CNTs are first functionalized with 
carboxylic group (-COOH) on their outer surface. A positive voltage is applied on 
the anode (workpiece) which attracts the negative charge of the -COO" group and 
causes the f-CNTs migrate toward the workpiece and react with it. To further 
increase the elastic modulus, and holding the CNTs more firmly, gold coating is 
deposit on the top of the nano-tube coating, resulting the gold-CNT coating. 
This thesis focuses on two issues: The first one is to determine the Young's 
modulus of a spring segment, and the second one is to analyze a single turn spiral 
spring. 
To measure the Young's modulus of the mainspring before and after the gold-
CNT coating, the simple cantilever beam experiment is setup. In the experiment, a 
mainspring segment is fixed at both ends and a load is applied at the center. At the 
first, the mainspring deflection is linear with respect to the applied load. When the 
deflection goes beyond a limited region, it becomes nonlinear [24, 25]. The nonlinear 
behavior is due to the fact that when the deflection is larger than a certain level (> 0.3 
times of the thickness), stretching of the middle surface is accompanied, which is 
neglected in the simple beam model with small deflection (< 0.2 times of the 
thickness) [26]. There are already several models in the literatures, such as omitting 
the assumption o f � d y j d x f " « 1, and solving the equation by using elliptic integrals 
[27]; the model specifically for thin films [24]; and the Nix model derived based on 
energy equilibrium [28]. This thesis uses the Nix model [28]. Moreover, the model is 
validated with by means of FEA. 
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Although the force-deflection relationship is studied, it cannot directly apply to 
the mainspring structure, as the samples used are not coiled as in the working 
condition of an actual mainspring. Thus, FEA, by a custom made computer program, 
is introduces on a single turn coiled spiral spring as a mainspring segment to study 
the torque-deformation relationship of the coiled mainspring. Experiment validation 
is also included. 
Mainspring is a spiral spring. From the literatures, the most widely used and 
studied spring is the helical spring, where the resultant deflection is in the same 
direction as the applied force. Many research and application has been done, such as 
the experimental study of internal-combustion engine valve springs [29, 30, 31, 32], 
the models of the vehicle suspension spring systems [33, 34], and etc. In recent 
studies, a number of dynamical models are developed and experimentally verified 
[35, 36, 37, 38]. To improve the performance, differential geometry patterns are 
applied to deal with required variable pitch angle and helix radius [39]. Thanks to the 
rapid development of the computer technology, computer-aided design for helical 
spring has been introduced [40, 41]. To deal with different applications, different 
designs are developed, like the noncircular cross-section spring design [42], the 
design for suppressing resonance [43], the design for barrel-shaped helical springs 
[44], and the design using Shape Memory Alloy (SMA) [45]. 
Spiral spring wounds itself with open space between the coils. Unlike the helical 
springs, there are few studies on spiral springs. In the design handbooks, the design 
formulae for spiral spring are based on experiments and approximation [46，47, 48]. 
In [49], static design formulae for watch springs are presented. FEA has been done 
on a single turn spiral spring, including contact and non-contact cases [50]. It shows 
that the torque-deflection relationship for non-contact case is linear, while the contact 
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results in nonlinear results. This thesis presents a FEA model of a single turn 
mainspring. The FEA result is compared with the traditional linear equation for non-
contact frictionless spiral spring. The result is also verified by means of experiment, 
which builds the foundation of the future study of the entire mainspring. 
1.3 Outline of the thesis 
The rest of the thesis is organized as follow: Chapter 2 discusses the 
determination of the Young's modulus of a spring segment. Chapter 3 presents the 
study on a single turn spiral spring. Chapter 4 contains the conclusions. Finally, the 
study on the micro bearing is presented by a published paper attached in the 
appendix. 
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2. Mainspring Segment with Carbon 
Nanotube Coating 
2.1 Introduction 
Mainspring and barrel serves as an energy accumulator for a mechanical watch. The 
mainspring is a rectangular cross-section, long metal strip of hardened blued or 
alloyed steel, approximately 200-300 mm in length and 0.05-0.2 mm in thickness, 
with preload shape to stores winding energy for operating the watch between 
windings. The preload shape is evolved from a plain coil to a reversed curve in the 
form of which depends on the material elastic limit. (Illustrated by the Fig. 2.1a) 
E H 
Fig. 2.1a Coiling of mainspring Fig. 2.1b Mainspring inside barrel 
The mainspring is coiled inside the barrel and enables most contemporary 
mechanical watches to run for 36 to 40 hours, shown by Fig. 2.1b. When the 
uncoiling mainspring wound inside the core of the barrel tries to regain its initial 
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shape naturally, the working energy for the watch is produced. Then, the teeth on the 
barrel transmit the torque to the gear train, illustrated by Fig. 2.1b. Thus, the rotation 
of the barrel provides energy for the oscillation mechanism of the watch movement. 
Today's mainsprings are highly elastic. They are almost impervious to breakage 
or permanent bending. Some mainsprings are even non-magnetic. To enhance the 
mainspring performance, the maximum energy stored in a mainspring barrel could be 
increased by enlarging the value of its material Young's Modulus (modulus of 
elasticity) by [19]: 
炉匪 =牛 . + (2.1) 
6 E 
^max W (2-2) 
—e'h'l Q-max^ _e-h-l ( E - s ^ f _e.h,l 2 . . 
=> 阶max — — - — . .匕 . ^ m a x (2.3) 
6 E 6 E 6 
where 炉max is the maximum energy stored in a mainspring barrel (mJ) 
e is the thickness of the mainspring (mm) 
h is the height of the mainspring (mm) 
I is the length if the mainspring (mm) 
E is the Young's Modulus (modulus of elasticity) (MPa or N/mm"') 
cTmax is the acceptable maximum stress (MPa or N/mm") 
fniax is the acceptable maximum strain (MPa or N/mm"^) 
Thus, by Eq. (2.3)，with constant e, h, /, fmax which are depends on the dimension 
and the material of the mainspring, larger the value of E, larger the value of the 
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maximum energy stored in the mainspring barrel,妒^ax • The rest of chapter is 
divided into three sections. In Section 3.2, CNT is coated on pieces of mainspring 
segments, hoping to improve the spring performance. Section 3.3 derives the 
mathematical load-deflection model of mainspring by load tests on the segments. 
Finally, Section 3.4 concludes the findings. 
2.2 Coating on the mainspring 
Proved in the above, increasing the Young's Modulus of the mainspring will increase 
its energy storage. Thus, the material group of IPE has coated a nano-tube coating on 
the mainspring, in order to increase the Young's Modulus of the mainspring, and 
hence to improve its performance. After several trials, the Young's modulus of the 
sample increased by coating gold on the top of the Nano-tube coating. To measure 
the Young's modulus of the mainspring after the gold-nanotube coating, the simple 
cantilever beam experiment is setup to find the equivalent (effective) elastic modulus. 
Then, it is verified with the FEA. 
2.2.1 Experimental Setup for Finding the Young's Modulus 
In order to increase the accuracy, one of the unknown should be "eliminate", which 
should be measured or found in advance, to minimize the computation power during 
the curve data fitting procedure. So, a simple cantilever beam experiment is setup: 
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Dial Indicator 
• Reading: 0.01 mm 
m ,. • Range:0-25mm 
, • Graduation:0-100 
Force Balance 
• Reading: O.Olg 
'SS^S^^m^ • Range: 2 kg 
& 一 Fix the sample (a segment of 
R S l ^ ^ r f ^ 巧 . j ^ ^ ^ j l M t ^ ! ” ‘ •Ro ta t e the knob to adjust the 
H ^ M f e ^ • Record output force, P and 
deflection, y 
乂 ^ m m ^ P'^t n.if the data (P/y) 
The following is the theory for measuring the Young's Modulus by cantilever test: 
E Young's Modulus NIm^^ 
I Length {m) 
b Width (m) 
t thickness (in) 
F Force (N) 
y Deflection (w) 
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As for cantilever with one isotropic material: 
J F 
( T ^ T ^ I 
I / I 
Differential Equation of the Deflection Curve: 
d^yldx^ _ My{x) _p{l-x) 
Assuming small deflection, « 1 , then we get following linear differential 
dx 
equation 
dV^ Mv(x) = P(l-x) 
一 " E I ^ - EIz 
Consider Constraints yQ = 0，dy I dx j^^q = 0，deflection can be written as 
P I � r , x3 ) 
V,. = 3 
‘ L /2 P ] 
Pl^ bt^ 
When X = / ,少|丽= ，and substitute = 
3EI: 12 
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^ PI 了 4 尸/3 4 / 3 , P � 
^ E ——-= ^ ( — — ) (2.4) 
j 少 maxY: >Vnax 办 f bt 少 max 
where /, b, t is the sample length, width, and thickness respectively, which are known. 
Also, P, _ymax are being measured, E is then be calculated by plotting the P 
against • The value of E is the slope of the resultant plot. 
2.2.2 Elastic Modulus of the mainspring without coating 
To ensure the repeatability, two trails have been done. Besides the theortical 
computation, the experimental measurements are compared with the FEA results, 
based on the calculated value of E by Eq. (2.4). It is for verifying the experimental 
results. Fig. 2.2 shows the finite element meshing of the beam for representing the 
mainspring segment in the analysis. The results are shown in Table 2.1 (Sample 1 & 
2) and Fig. 2,3, with plots of load P against deflection >"max. Taking the average of 
the two trails, the Young's Modulus, E, measured is equal to 266531 MPa by Eq. 
(2.4). It will apply to the following calculation as we are using the same type of 
mainspring throughout the whole thesis. 
Fig. 2.3 shows that the FEA and experimental result nearly match to each other 
perfectly, in spites of the tiny error that is smaller than 1%. Such errors include the 
errors inherent in the FEA process, including the model error due to replacing the 
reality by mathematical model, and the inaccuracy in measuring the value of 
parameters; the discretization error in implementing the mathematical theory in 
piecewise fashion by FEA methods; the numerical error due to the usage of finite 
number of bits in the computer for representation each theoretical value. Such error 
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is minimized by using commercial software, such as ANSYS, A Igor, together with a 
suitable setting. 
On the other hand, there are experimental errors, such as zero error, insufficient 
resolution of the measurement, etc. Follow is the error source and the corresponding 
solution of the experimental setup: 
Problems Solutions 
• Inaccurate positioning due to • Modify the design of the user-
clearances interface 
• Low stiffness in assembly • One-part fabrication (reduce 
interface assembly) 
• The bending of samples • Use the straight samples 
• Resolution of the balance • Replace the force sensing 
devices 
Sample Number 1 2 3 (coated) 4 (coated) 
~ Y o u n g ' s modulus (MPa) 2 6 6 4 4 3 2 6 6 6 1 9 274606 2721 12 
% Error between EXP & FEA 0.3935% 0.40058% 0.90628% 0.46488% 
Table 2.1: Young's modulus of non-coated and coated mainspring segment 
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Fig. 2.2 Finite element mesh of the beam to represent the mainspring segment 
X 10"^  samplel E = 2.66443E+11 Pa 
7 I 1 1 1 1 1 1 
-^ EXP 
I —e—FEA I 
6- ： : ：…... . . -
5 - i i i .....i -
； : CfSf 




； ； ； ； 
； z ； 
2 - • •^^•： ： 丨 ； -
/!> 
, - i i i 丨. -
^ I ： 
oo 
qI i i i i i 
0 05 1 1.5 2 2,5 3 
deflection mm 
17 
X ' samples E = 2.66519E+11 Pa 
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Fig. 2.3 Load v.s. deflection of cantilever model: experimental & FEA 
2.2.3 Elastic Modulus of the mainspring with coating 
The same method presented in Section 2.2.1 is applied to a segment of mainspring 
with the gold-CNT coating. The results and plots are shown in Table 2.1 and Fig. 2.4 
respectively. From Table 2.1, the percentage error of FEA is smaller than 1%, which 
proves the validity of the experiment in measuring the elastic modulus. 
Taking the average of the sample, the equivalent Young's modulus of the spring 
segment with the gold-CNT coating (sample 3, 4) is 273359 MPa. Compare with the 
average value, 266531 MPa, for the mainspring segment without coating (sample 1, 
2)，the elastic modulus rises for 2.562%, Shown before by Eq. (2.3), with constant 
dimension and the material of the mainspring, the value of the maximum energy 
stored in the mainspring barrel, proportional to the value of Young's 
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modulus, E. So, the maximum energy stored is increased by 2.562% with the gold-
CNT coating. 
2.2.4 Thickness of the coating 
In order to find the thickness of the gold-carbon nanotube (gold-CNT) coating on the 
mainspring, the concept of composite material [51] will be adopted. Since the 
resulting coating consist of a layer of gold covering the CNT, the coating Young's 
modulus should be similar to the gold. In the following calculation, the elastic 
modulus of the coating is assumed to be 78GPa, which is the value of gold [52]. 
The CNT coated spring is modeled as a composite cantilever. The equivalent 
elastic modulus is a function of dimension of spring, thickness of coating, elastic 
modulus of both spring and coating (Fig. 2.5). 
samples (coated) E = 2.7460SE+11 Pa 
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X 10' ' sample4 (coaled) E = 2.72112E+11 Pa 
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Fig. 2.4 Load v.s. Deflection of cantilever model for coated mainspring segment 
Coating f^ 
Spring t, E 
U 
t 
Fig. 2.5 Cross-section of spring with CNT coating 
Following equation describes the equivalent elastic modulus with parameters of 
the spring and the coating, on condition of plane cross-section assumption and no 
residual stress in the coating, then stiffness in bending is expressed as following: 
= — ^ (2.5) 
V z EIZ+EjIJ. 
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bP ht? 
For rectangular beam cross-section, the i n e r t i a = , I j - = ~ 
1 1 
— S — 
Eqbt'^ EbP -\-Ef (b(t + 2 t f f - b { t f ) 
In a simplified form: 
Eqt^ =EP +Ef{it + 2 t f ) ^ - P ) 
1 Ef 
—— (2.6) 
where Eq be equivalent elastic modulus, tf be thickness of gold-CNT coating, Ef be 
elastic modulus of the coating, t be thickness of the beam, E be elastic modulus of 
the spring segment, b be width of the beam. 
Given Eq = 273359 MPa, E = 266531 Mpa Ef= 78000 MPa, / = 0.095 mm 
j(273359-26653X0.095)^ + (0095)3 —0.095 
tf ^ ^ ^ = 0.00\347mm = 1347^77 
W . t f =70.5:1 
The composite material model mostly applied on layers with comparable 
thickness, like thickness ratio around t \ t f = 3 : 1 . In turn, the gold-CNT is very thin 
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when comparing with the mainspring (70.5:1), the composite material model may not 
be compatible to the mainspring coating perfectly, and lead to error in calculating the 
coating thickness. Thus, further verification is needed. If it is shown that the 
composite material model is not suitable to apply into our mainspring coating, we 
should consider build up a new constitutive equation for modeling of the mainspring 
with nanotube coating, instead of using the model of composite material. 
2.3 Elastic deformation of mainspring 
To study the load-deflection relation, a beam test with fixed ends and a center load is 
performed. The experimental setup is modified from the cantilever beam mentioned 
above, placing the same force sensor and displacement dial at the beam center, 
whose both ends are clamped by the fixture. To verify the experimental result, 
computer simulations of the beam test have been performed by assuming the sample 
piece of mainspring be a beam. Finite Element Analysis (FEA) is performed similar 
to the cantilever beam case mentioned above, with modified boundary condition. 
On the other hand, a mathematical model should be found for describing the 
load-deformation relation. At the first sight on the experimental measurement, the 
mainspring deflection may goes beyond the limited linear region of the classical 
beam theory. Thus, literature review is done to find a suitable mathematical beam 
model for mainspring. We are studying to adopt the large deformation of micro-scale 
beam model to the mainspring segment [24, 25]. It is valid when the deflection is 
larger than a certain level (> 0.3 x thickness) as it is accompanied by stretching of the 
middle surface, which is neglected in the simple beam model with small deflection 
(< 0.2 X thickness) [26]. 
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There are already several models purposed in the previous literatures, such as 
omitting the assumption of {dyldxf « 1，and solve the equation by using elliptic 
integrals [27]; the mathematical model is derived in determining the Young's 
modulus and residual stress of Silicon Nitride Thin Films Deposited on Silicon 
Wafers (MEMs) [24]; the model derived by mechanical equilibrium from W. D. Nix 
[28], etc. The first one is not adopted since it uses the deflection angle as the input, 
which is not match with our experimental measurements of the vertical deflection. 
For the second one, the model is suitable for MEMs in the scale of micrometer, both 
for the geometric dimension and the deflection. It may not be the case in our 
experimental sample, where the geometric data is in the scale of millimeter. Thus, 
further verification is needed. Finally, approximations can be omitted in the third 
model, in order to get a more accurate result. Here we modify it by canceling certain 
approximations, hopes to match with our experimental data. 
In the following, three mathematical models are derived，discussed and verified 
against the experimental measurement, including the classical linear beam model, the 
model mentioned in [24] for the MEMs, and the one derived by W. D. Nix [28]. For 
the ease of discussion, the last two are called MEMs model and Nix's model 
respectively within this article. 
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2.3.1 Mathematical Model Derivation 
Linear model in Classical Beam Theory: 
-y 
- � F 
二 72Y/ :一一 -
z L/2 %J L/2 
•* • 4 • 
Experimental setup --- Beam with fixed ends and a center load 
^y(0)=y(L)=y'(0)=y'(L) = 0 
By the Bernoulli-Euler equation [27], the beam curvature is proportional to the 
bending moment, 
M = A E I , 办 2 (2.7) 
where M is the moment, dO/ds the rate of change in angular deflection along the 
beam (curvature), E the Young's modulus of the material, and I is the beam moment 
of inertia, y the transverse deflection and x is the coordinate along the non-deflected 
beam axis. 
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Assume the square of the slope is very small compared to unity with small 
deflections 
i.e. (dyjdxf = 0 (2.8) 
=> M = EI^-^ = Ely" (2.9) 
(bp-
Free Body Diagram: 
F 
人 L /2 L/2 
F = R^+R2 (2.10) 
/7/ 
Ml + ^ 2 = 0 (2.11) 
77/ 
Ml +M2-R\L + — = 0 (2.12) 
Ml +M2 - R i ^ + R 2 ^ = 0 (2.13) 
Considering the bending moment, M, and shearing force, F, for0 < x < —, 
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� I � F o r 0 < x < | 
R^ V 
Ml — = 0 
By Eq. (2.9): Ely" = R^x - M j 
=> Integration respect to x: Ely' = —^ M^x + Coi, constant C^i 
R 工3 
=> Integration respect to x: Ely = — M]——+ C^ix + CQ2，constant C�: 
6 2 
...y{0) = y'(0) = 0 
••• Co\ =Co2 = 0 
=> Ely' = ^ M ] X (2.14) 
=> = (2.15) 




z L/2 L / 2 �� 
< . 4 — • 
只1 R! 
1 2 2 2 
=>By Eq. (2.12): M : 
Since 少'(舍)=0 for maximum y at x = -j, 
, , R \ L FL p ，， “ FL 
...Ml = —‘― = — & M，= -Ml = 
1 4 8 2 1 8 
f x FI 
^ By Eq. (2.9): Ely" = M = M^ =— 
2 8 
^ B y Eq. (2.14): EI/= M^x = 字 — 宰 
^ B y E q . ( 2 . 1 5 ) : Ely = ^  - M , ^ = 
7 4 V 乂 6 1 2 12 16 
, � 1 (Fx^ FLx^ 1 Fx2 “ ” � 
=> v(x) = = [Ax-ZL) 
� E I 12 16 • 广 , 
V y 
For rectangular cross-section, 
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(r\ -FL? -FI? 
^ = = T (2.16) 
wh^ 
where I = is the moment of inertia, w the width, h the height. 
MEMs Model: 
Adopting the mathematical model derived for MEMs films in [24]: 
For the built-in ends, 
… _ _ ! J (2.17) 
IN^k AN乂 N乂 [ c o s h ( ^ / / 2 ) � 
where 
g [ l - c o s h ( . / / 2 ) ] (2.18) 
u 2 众 sinh(yW/2) 
Q = load per unit width, E = Young's modulus, I = length, t = thickness of the film, 
k = ^ N J D , D = Efl^ m . 
Also, N^ should be found for computing the value of w. From [24], an equation of 
NX should be solved. For built-in ends condition, 
, ( "2〜—r' )=去 [ ( “2 + 办2 + 2c2 )：/ + 8(“ - b)c smhikl / 2) + 2abkl cosh (的 
/ V 
+ (p2 + 2 a b - b 2 + 86c)sinh(yW)+ sinh(2A:/)J (2.19) 
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where 
Qs\n\\{kll2) Mok L MQIC Q ,, 
A = ，B = ’ C = ’ N,. = (JJ 
N^ sinh(^/) TV；, sinh(A:/) ‘ 
Since the approximate value of N乂 is in a scale of lO^ the approximate value of kl is 
greater 10. Thus, for A：/ > 10, 
tanh(2A:/) = tanh(^/) = tanh(A:/ / 2) — 1 
sinh(2A:/) = sinh(^/) = sinh(^//2) — oo 
cosh(2A：/) = cosh(A：/) = cosh(A:/ / 2 ) — to 
Thus, for each part of Eq. (2.19) 
� 2 I 二�gsinh(y^//2)]2 I 2 g W o s i n h ( ^ / / 2 ) , IM^^k^ 
L N乂 sinh(A：/)� sinli2(yW) N乂: sinh2(yt/) 
Qsmhikin) "1 I g^[ l -cosh(^/ /2) ] ! -cosh(A://2)p 
-•X sinh(A://2)cosh(H/2)J N乂l s\n\\'^{kl) IN乂: smh^{kiyxnh^[kl12) 
Q^ [ 1 I [l-cosh(A://2)] I [ l - cosh (A://2)]" 
AN^^ I cosh2 (yt//2) sinh2(yt//2)cosh2(A://2) 
2 cosh 
- > 0 + 0 + 0 = 0 for A:/>10 
-i L = L — — — = ~ - for A：/ > 10 
8 4 
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^(a-b)cs,m\\{kll2) = c{a -b)smh{kl！2) = ^ , X - g s i n h ( ^ / / 2 ) — IMp/c 
: � s i n h ( y ^ / / 2 ) l -cosh(A:/ /2)1_ - Q ^ � t a n h ( y ^ / / 2 ) 1 1 “ 
—IkN^'^ |_2cosh(以/2) s i n _ J — 詹 / 2 + siiih(A:/) _ 2sinh(yW/2)_ 
— ~ ^ —+ 0 - 0 = ^ � for ^ / > 1 0 
2kN/ L2 J A k N / 
2abklcos\\[kl) _ abl ( ) _ / c o s h � - g W p sinh(^//2) MQV 
- = 7 C 0 S , = - ^ ^ " 一 
: / c o s _ - [1 _ cosh(yl/ / 2)] [| _ cosh(A:/ / 2)f 
= - g 2 / [ | i 一 cosh(众"2)] I [l-cosh(A://2)F 1 � - g 2 / [ o I 0 ] —0 
|_sinh(W)tanh(劝 4tanh(A:/)cosh(A://2)sinh^{kl/2)J 8"义2 
for kl>\0 
Z?^ sinh(2A：/) 一 Mo^A:sinh(2^/) 一 M q � " [2sinh(yl/)cosh(A:/)] _ M p ^ ^ f 1 
f ‘ 
二 (l - 2 cosh(A:/ / 2) + cosh ^ [kl / 2) 
\6kN^^tanh(kl)sinh^{kl/2) 
2 f ’ 
= T T 7 V 7 — — C + C0th^(^//2)> 
\6kN/ tanh(A:/) [sinh2(A://2) sinh(A://2jtanh(A://2) 
2 2 
+ = for kl>\0 
[a^ +2ab-b^+Sbclsmh{kl) -b^]sinh{kl) absmh(kl) 
be sinh(kl) 
U - U S k 
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(“2-/;2)sinh�-I 丨 2QM^ksmh(klH) 
— g ^ s i n h ( ^ / / 2 ) g^[l-cosh(y^//2)] _ Q^ tanh(A://2) -cosh(A://2)^ — “ + ‘ —‘ = “‘ 
力 a n h ( � 2 ) + 4 矣 _ — 
\6kN乂 1 UN/ sinh(^/) \6kN/smh{kl/2) \6kN/ 
absm\\{kl) _ -QMQ smh{kl/2) MQH 
4A： sinh(A/) 
: 一 [1 — cosh(A:/ / 2)] g 2 (1 — 2 coshp^/ / 2) + cosh ^ [kl / 2)) 
sinh(^//2)cosh(A://2) yikN乂 cosh(A://2)sinh^(A://2) 
— 0 + 0 = 0 for kl>\0 
bcs\nh{kl) _cMq _ c � g [ l - c � s 丨•/2)]] = Q^ [ 1 _ ⑶^卜 fc, 2) 
k Nx N入 2ksmh[kll2) J [s inh(^/ /2) _ 
— ^ [ 0 - 1 ] = � for ^ / > 1 0 
AkN/ 4kN/ 
二 ( 口 2 + 2 以 办 c ) s i n h ⑷ 二 10 _ , 3 ^ 2 ^^^^^^^^^ 
狄 mN 乂 1 \6kN乂 2 一 
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.•• Substitute the above terms into Eq. (2.19): 
Q^l 10 3g2 I 3 g 2 | q2I 
IE f t \6N 乂:舊？ \6kN乂 1 \疆 乂 2 Un/ \6N/ 
for ^ / > 1 0 
Squaring the both sides: 
— 
6 4 " / 2 5 6 " / \6EftN^^ 
； + 外 + “ 5 7 ^ 义 5 + 以3 〜 3 +“ 0 = 0 (2.20) 
… xr 2 -EhO^ EhQ^N, where a^ = = N,. , a^ = — — , a^ = ^ 
^ [EhQ^ r -9D\EhQ^ “2 = 0 ’ a^ = 二 Z ’ “ = — — _ _ L 
64 16/2 
Thus, Eq. (2.19) becomes Eq. (2.20): a polynomial of N/m degree 7. As mentioned 
before, N^ is in a scale oflO^. Together with other known parameters, including the 
material properties and sample dimension, all the degree of the coefficients of the 
polynomial are found, and thus the degree of each term is approximated. Omitting 
the insignificant terms, Eq. (2.20) becomes: 
+ a 4 N / = 0 (2.21) 
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Then, an approximated close-formed N乂 is finally being solved. Substituting the 
solved N^ into Eq. (2.17) & (2.18), the deflection, w, due to the load Q can be 
computed. 
Nix's Model of elastic deflection of thin micro-bridge sturctures: 





Assume there is no bending stiffness throughout the sample, and the supports are 
perfectly rigid: 
1 P I 
CI L = Length 
Vw~ + cr h = Thickness 
P/cosO 0 D P = F二 e 
p w = Deflection 
Also, from the experimental measurement, the deflection, w, is in the range 0.05-
0.5mm, which is 10-100 times smaller than half of the sample length, a = Z,/2=6mm. 
Thus, w^is 100-10000 times smaller than a^ . i.e. « a ^ a n d w^ = a^ 
Mechanical Equilibrium: 
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„ w w w 
COS 9 = , « = — 
cj = FIA = " 2 c o s 没 = 2bhacos0 = 2bhcT-=Z= « 2bha- (2.22) 
I 2 2 2 2 2 „ yjw + a -a w w w Strain: As = = » —= ~ -
V y 
• -a (w^ w^ 
£ = £o+AS = £O+ = go + I ——^ = £ o + - j ~ r = S ： 
a a +a a yjw^ + a 
V y V 
2 2 w w 
^ S o ——^ = + 2 (2.23) 
a +a 
V / 
where s^ = residual strain, cr。： residual stress 
Hooke's Law: a = Es and cr�= Es^ (2.24) 
Thus, by Eq. (2.22), (2.23), (2.24), the force-deflection, P-w, relation: 
P IhwEs 2hwao 2hEw 了 Ihwa^ hEw^ 
— = I = I ^ + ——I « + ^ (2.25) 
In order to get more accurate computation, the Nix's model is modified by 
2 2 
cancelling the approximation from the assumption of w « a . Thus, the force-
deflection relation without approximation: 
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P _ , 
— = I = + 1 (2.26) 
2.3.2 Data Analysis 
Once the models are derived, they are curve-fitted against the experimental 
measurement. Variables names in the three different models are unified here for 
curve-fitting, including the experiment measurements of force applied at the beam 
center, F, and the deflection at the beam center, y(L/2). Also, for the geometric data 
of the sample length = 1 = 12 mm, height = h 二 0.095 mm, width = w = I mm. 
For the two nonlinear models, since the Young's modulus is found by experiment 
previously, the only unknown, the residual stress a,., is obtained by the curve-fitting 
(data-fitting) of the experimental data with the mathematical model in the least-
square sense. That is minimizing the error between the experimental measurements 
and the computation of the mathematical model, 
2 
1 \\ 2 1 所 / / / \ \ \ 
miny (227) 
X z z 
The numerical computation is achieved by the Isqcurvefit function in the Matlab® 
Optimization Toolbox. On the other hand, to unify the methodology, the Young's 
Modulus, E, is set as unknown in the linear model as it is the only possible unknown 
for curve-fitting due the absent of residual-stress, cr,., in Eq. (2.16). Thus, the value 
of the unknown Young's modulus, E, in the linear model is obtained by the curve-
fitting (data-fitting) of the experimental data with the mathematical model: 
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1 / \\ 2 1 ' " / / / \ \ �2 
冲，老))一尸exp 2 (2.28) 
X z z 勺=1 
Similarly, the numerical computation is performed by the Matlab®, using the 
function Isqcurvefit in the Optimization Toolbox. Note that although a general curve-
fitting for both variables at the same time can be adopted, it increases the 
computational effort. 
2 I / \\ 2 1 / / \ \ \ 
m i n ; = ; i M 五 ， 〜 少 ) - � / ) (2-29) 
In order to minimize the computation power, the number of unknown to be 
determined by curve-fitting for all the three models is kept one. 
Linear Model: 
Observed the results shown in Fig. 2.6, the computation model is linear, but the 
experimental measurements give a non-linear curve, which is not matched with each 
other at all. It is because the linear range of the classical beam theory only valid in a 
limited region. The totally mismatch of the mathematical and experimental results 
implies that the deflection is too large for the limited linear region. As shown in the 
figures, the deflection of the mainspring segment is as larger as 0.5 mm, which is 
larger than 0.3 times of the beam thickness (0.5 mm > 0.3*0.095 = 0.0285 mm). Thus, 
the ignored middle surface stretching in the simple linear beam model of the classical 
beam theory [26] is indeed accompanied in our experiments. This invalid assumption 
in our case leads to the mismatch between the experimental and computation results. 
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In conclude the non-linear experiments show that it is the large deflection case, but 
not the small deflection widely being used before. The approximation applied on the 
small deflection model is not valid, and large deflection model should be adapted to 
analysis our experimental data. 
MEMs model: 
Some extracted results of the MEMs model are plotted in Fig. 2.7, and the 
computation error, together with the residual stress found by curve-fitting is shown in 
Table 2.2. Also, Finite Element Analysis (FEA) is performed for verification. 
After adopting the MEMs model, the force-deflection curve is no longer linear. 
However, the FEA and computed curve doesn't match with the experimental results 
very well. Shown in Table 2.2, there is around 1.5%-3% error between experimental 
results and the theoretical computation, as well as among with the FEA results. 
Except the inevitable numerical and measurement errors, such difference is due to 
the approximation in solving the parameter N^ • Since it is adopting micro-scale 
mathematical model into our millimeter-scale samples, the approximation of the high 
degree terms may not be valid. 
In conclude, the MEMs model [24] is acceptable, but still has plenty of room to 
improve, including the accuracy after approximation, and the geometric dimension 
difference. Thus, we are going to adopt another beam deflection model from W. D. 
Nix [28], in order to match with the experimental data. 
Nix's Model: 
Similar to the previous MEMs model, the experimental data is curve-fitted into the 
theoretical model. When comparing between experimental results & theoretical 
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computation in Table 2.3, the Nix's model has a lower percentage error, around 
0.6%-1.5%, than the MEMs model. It is improves by reducing nearly a half of the 
percentage error. Also, in Fig. 2.8, we can see that curve of the theoretical model is 
much more match with experimental data, than the one of MEMs model in Fig. 2.7. 
Note that for the computed residual stress by curve-fitting, the Nix's model results in 
754-2693.2 MPa, which is 3-4 times larger than the one's from MEMs model 
(213.41-562MPa). 
To improve the performance, the assumption is neglected in Eq. (2.20) of the Nix, 
model. Using the same method as before, Eq. (2.20) is curve-fitted with the 
experimental measurements by the Matlab® program. The results are shown in Table 
2.4 and are plotted in Fig. 2.9 respectively. When comparing with Table 2.3，the 
error of theoretical model reduces around 0.01% only, and the residual stress 
computed is nearly the same, too. Thus, eliminating the approximation does not 
improve the accuracy a lot. It seems that the mismatch of the theoretical model and 
7 9 
the experiment data is not only due to the assumption w « a in Eq. (2.20). 
2.4 Summary 
In this chapter, the proportional relation between the Young's modulus and the 
energy stored in mainspring is derived. Then, CNT is coated on the pieces of 
mainspring segment. It is experimentally proved and verified by FEA that the elastic 
modulus is increased by 2.562%, and the thickness of the coating is derived that 
around 1.347//"?. Thus, the energy stored increases 2.562% due to the coating. 
Finally, the load-deflection theoretical model of the spring segment is being studied 
by center-load, both ends fixed beam test. To conclude, the Nix's model [28] 
performs the best with our experimental results. It is a non-linear large deformation 
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model for the beam test. Since the dimension of our sample is only in millimeter 
scale, the MEMs model [24] is not the most suitable model to adopt in our 
experiment, although it is a good large deformation model in micro-scale beam or 
bridge. The results show that Nix's model performs with a half of percentage error 
than those of the MEMs model. In theory, Nix's model should be adapted. 
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On the other hand, ignoring the assumption of w « a in the Nix's model only 
improves a little in the curve-fitting. It shows that it is not a significant error in this 
case. Except the validity of the mathematical model, the experimental setup itself has 
errors, too. Besides the experimental measuring error, there is invalidity of the 
assumptions, such as no perfectly rigid support in the reality, no bending stiffness in 
the beam segment. Although the result of both the Nix's model is acceptable with 
tiny error smaller than 2%, those errors in the Nix's model do affect the curve-fitting. 
Thus, in order to improve the performance in the future, the experimental setup 
should be improved. 
As mentioned before, the mainspring is in a preload-shape when it is totally 
released, shown in Fig. 2.1. The S-like preloading shape suggested that the residual 
stress is not a constant throughout the whole mainspring. In order to bend as a S-
shape, different part of the mainspring does not have the same curvature. Thus, the 
sample we cut may not have a constant residual stress throughout the segment, too. 
However, all the non-linear models above, and the FEA performed, assume a 
constant residual stress, which leads to the mismatching among the experimental data, 
the theoretical model and the FEA. 
Furthermore, it is shown above that the residual stress computed varies largely 
among each of the 6 samples, and in average larger than the non-preload beam [24] 
nearly 2-3 times. The increased value is due to the preloading. Later on, the 
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preloading is considered as the increase in residual stress throughout the whole 
articles. 
Sample Number 1 2 3 4 5 6 
Residual Stress 562 m l 4 1 4 . 6 6 213.41""“399.91221.39 
(MPa) 
% Error of EXP & 1.372% 1.452% 1.523% 3.526% 2.222% 3.286% 
Theoretical comp. 
% Error o f F E A & EXP 1.091% | 1.548% | 1.422% | 3.254% | 1.971% | 3.237% 
Table 2.2: Computed residual stress & errors for MEMs model 
Sample Number 1 2 3 4 5 6 
Residual Stress 974.42 2 6 9 3 . 2 1 5 4 6 . 8 1304.6 754 1338.5 
(MPa) 
% Error of EXP & 0.610% 0.341% 0.598% 1.568% 1.649% 1.479% 
Theoretical comp. 
o/o Error o f F E A & EXP 1.091o/o| 1.548o/o| 1.422% | 3.254% [ 1.971% | 3.237% 
Table 2.3: Computed residual stress & errors for Nix's model 
Sample Number 1 2 3 4 5 6 
Residual Stress 996.14 2711.4 1567.6 1309.2 7 5 7 . 4 4 1 3 4 0 . 7 
(MPa) 
% Error of EXP & 0.595% 0.332% 0.584% 1.560% 1.640% 1.474% 
Theoretical comp. 
% Error of FEA & EXP 1.091% | 1.548% | 1.422% | 3.254% | 1.971% | 3.237% 
Table 2.4: Computed residual stress & errors for Nix's model without assumption 
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061117-SP1.E = 266531 MPa. s = 561.9961 MPa 
i 4 | 1 1 1 1 ! 1 1 
§ : O ^ ： O compute 
B\ i \ O EXP 
^ 一 : 一 . 一 丨— . / f . : / l . . . . k 
. ； ) . . . . . . . . 横 . — I 一 -
�‘ 爭..........！ 
： ： ： ： : 真 [ [ : 
。_ ： 
J I I 1 I i I 
-0.1 0 0.1 0 2 0.3 0.4 0.5 0.6 
deflection / mm 
43 
061117-SP2.E = 266531 MPa. s = 241.0971 MPa 
‘ ！ ‘ ！ I O compute ! 1 ！ 
O EXP 
o FEA 8 S 
“j 丨 . : . . . . ： . . . j - . ： I… j . f l j j -...：/-
1�- 丨 I 丨...../.……(........^.............-
• ： 量 
‘ - … ： — — — ： — 丨 — 丨 — 員 : — I — — ！ — . . . . _ 
. \ \ ： ^ ^ \ 0 
^ ^ ^ P 
丨....^^^^^^i^^^.�...?.......1 1 -
0 o p ：••••• •： i 
.71 1 I 1 i i i i i i 
-0 05 0 0.05 0 1 0 15 0.2 0.25 0 3 0.35 0.4 0.45 
deflection / mm 
0611 t7.SP3. E = 266531 MPa. s = 414.6602 MPa 
1 1 1 i 1 1 1 
备 ： � 义 i O compute 
I £ O EXP 
B \ ^ F FEA 
12 - ： ； ‘_. i 0 . …承 ' ；••••' L 
： : : : : : ： 推 ^ 
2- ：... -
0 - -O' - p ？ ； ； — 
.21 1 i 1 1 1 1 
-0 1 0 0.1 0.2 0 3 0.4 0.5 0 6 
deflection / mm 
44 
— 061117-SP4.E = 266531 MPa. s = 213.4067 MPa 
4S| 1 1 ！ 1 ！ ！ ！ 1 
: 。 ： 。 ： 。 
4- -： I ： ： I S......； 8.......IOF^ -
； O ： o Q 
: 。 ： 。 。 ： 
i o j o oo ： 
3.5 : ： : : O ： … • . • : � … . . 0 0 . . ..：••• -
• § ^ \ ^ compute 
S • ： o 挪 
3- 丨 丨 . . . . . . . . . . i - L ^ ^ 
: O P O ： 丨 ； o CO: ： 
i o CO： ： 
: : : D ： 
： : i i................I i -
^ ： i §\ i 
g 2 - ：• i ： ： .§....},.o?.d'!! : i 
？ ！ ； o o p o ； 
： O o o :o ； 
1.5 i 丨 ：....... ； ： -
； ：cdtp cp i ； 
： ： i I i 
1 - ： : 丨 ： ； -
0 0 ^ 0 、 丨 
-- ... •....； ： -
� � “ T 1 
0 - o.•…p f ： ： ： ： ： -
-0.51 i i i 1 ！ i i 
-0.05 0 0-05 0.1 0.15 0,2 0.25 0.3 0.35 
deflection/mm 
061117-SP5. E = 266531 MPa. s = 399.9098 MPa 
3.51 ！ \ ！ ！ I IOcompute I ! 
O EXP 
I � 砂 U of 
3 - i ； ； i ； i 醉 <？…一 
： ： ： ： ： 0：'' 0 
： ： § 
\ \ ： i 丨 0丨 0 
2.5- I • i I 丨 1 4..... -
i ： 0° 
； ； ； C O oi 
： I §8 
， L ： i V 0 0 
2 - r ： ： ？ ：^  • 乂 •； 
： ；G 0 0 
： i 0 000 ： \ \ \ \ 0 <50 
5 丨 丨 丨 ； i / w \ 
0> \ 5 - ： ： ：,., ； .V..a.u ： 
： ； ： 丨 丨 i 
： l O ： ： 
丨 ： i 0 cP ： ： 
• 0 0 ： 
1 ； i ： i. :.oa>......Q c i -
： o： o o i 
� � r N � ： ： 
0 0 跨 O � ； ； 
05- ： ； ： CD^..�.V�•..••...i i I -
OOOO ^ 0 O : : 
� � � . � C � < - > ： ： ： ： 
t � � � 仰 ： 
o： ； :0 ： ! ： ： 
. 0 5 I i i i i i i i 1 
4.1 .0 05 0 0.05 0.1 0.15 0.2 0.25 0.3 
deflection / mm 
45 
061117-SP6. E = 266531 M P a , s = 221.3882 MPa 
‘ I 1 1 ! ！ 1 1 
. : ： ！ 丨O 0 丨O 
2 5 - ； i i i ： ；?. � 0 ? 
: 丨 ； ： 丨 存 “ ” 
； S 0 compute 
： ； i 0 i 0 EXP 
2 - ： i. ： ： i C?...：•…. ： I FEA 
； ： 丨 0 丨 c:，o ： 
： 丨 ： 丨 ； 丨。.矛 
； i 0 00 ： 
： ： ： ： ： 0 0 o 
： ： 0 0 0 �： 
； i 0 0 0 ； 
1 C ； ： ： 
.。 •  ： a'-c>"c•.…： •: -
0 0 0 ) ： 
S ： i ： 棍 c P 丨 
g ： ； ① 0 ： 
0 ： ： ： ： ： ： 
^ 丨 i 丨 oto 0 丨 ： 
1 ！ ； ： ； coo'oov'o ； ； -
： 丨 ® 0 • 丨 ； 
： ： i i CO? J^o^'^'： ： ： 
CO o�o ： ： ： 
• 丨 0 0 ? 0 。％(. 丨 丨 ： 
i 0 - 0 0 0 0 ： ： ： � 5 - ： ： ：……-00-^ …..…….........i 丨. i -
poooo o <x> ： O O O： CT) ： O CO o oo ： o.> ： <X> . OOODO ,丨 CO ： 
0 O � • ) < i ； 
i ^ ； i = i i 
o : io 丨 丨 丨 丨 i 
： : : : : : : 
i ： ： ^ ^ i ： 
-0.51 1 1 i 1 I I I I 办 1 -0.05 0 0.05 0.1 0.15 0.2 0.25 0.3 
deflection / mm 
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Fig. 2.8 Force v.s. deflect ion of Nix’s model : exper iment , computa t ion , & FEA 
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“ 061117-SP6. E = 266531 MPa, s = 1340.7168 MPa 
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Fig. 2.9 Force v.s. deflection of Nix's model without assumption 
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3. FEA of the Spiral Spring Structure 
3.1 Introduction 
Mechanical spring is widely used, and being studied since more than 300 years ago. 
It is an energy storing component by elastic deformation. Among several kinds of 
mechanical springs, the most widely used and studied one is the helical spring, where 
the resultant deflection is in the same direction as the applied force. It is widely used 
in automotive valves, vehicle suspension systems, and etc. Much research has been 
done, such as the experimental study of internal-combustion engine valve springs [29, 
30，31，32], analytic derivation of geometric relationships among spring parameters 
[33, 34], and etc. ‘ 
In recent researches, a number of dynamical models are developed and 
！ 
experimentally verified [35, 36, 37，38]. To improve the performance, differential 
geometry patterns are applied to deal with required variable pitch angle and helix ！ 
radius [39]. Thanks to the rapid development of the computer technology, computer-
aided design for helical spring has been introduced [40, 41]. To deal with different 
conditions, different optimal design is developed, like the noncircular cross-section 
spring design [42], the design for suppressing resonance [43], the design for barrel-
shaped helical springs [44], and the design using Shape Memory Alloy (SMA) [45]. 
In mechanical watch movement, the mainspring is a spiral spring with preloading. 
As shown in Fig. 3.1，spiral spring is a kind of mechanical spring, whose material 
wounds on itself with open space between the coils in the free position. Unlike 
helical springs, which are widely studied, there are few studies on spiral springs. In 
the design handbooks, the design formulae for spiral spring are based on experiments 
and approximation [46，47’ 48]. Also, static design formulae for watch springs can be 
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found in [49]. Finite element analysis has been done on a single turn spiral spring, 
including contact and non-contact cases [50]. It shows that the torque-deflection 
relation for non-contact case is linear, while the contact results in nonlinear output. 
_ 
(a) a wounded mainspring (b) an unwounded mainspring 
Fig. 3.1 the CAD model of a mainspring in mechanical watch movement 
In the previous chapter, the force-deflection relation is studied. However, the 
samples used are not coiled as in the working condition of an actual mainspring. To 
study the torque-deformation relationship of the coiled mainspring, this chapter 
introduces a FEA on a single turn coiled spiral spring. Experiment validation is also 
included. The rest of chapter is divided into three sections. Section 3.2 describes the 
FEA model. Section 3.3 compares the simulation to the experiment results. Finally, 
Section 3.4 concludes the findings. 
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3.2 Model Formation 
The finite element analysis is divided into three processes, shown in Fig. 3.2. In the 
pre-process, the shape of the coiled spiral spring segment is modeled, together with 
the definition of the load and boundary condition. Also, a suitable element is chosen 
to discretized the whole sample. Then, all the data is input to the solver implemented 
by Matlab® program. It solves the equations of the FE model, and checks the validity 
of the resulting model position. If it is beyond the allowable region, special treatment 
is performed to adjust the boundary condition, and solves it again. Finally, in the 
post-process, the resulting model position is stored and displayed, and an equation is 
derived to calculate the corresponding torque during the winding process. 
Then, the new position of the sample is inputted to the solver again, with 
corresponding load and boundary condition, thus a new set of node position and 
resultant torque is computed and displayed. The whole program repeats the FEA 
flow for 150 times, illustrating the process of winding the spring segment for 90°, for 
each step rotating 0.6°. 
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； Preprocess: FE model preparation ； 
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i Solve Stiffness 丨 
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； X NX Element\. Reformulate ； 
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： Post-process: Compute & Display Result ； 
i Store and Display Calculate the 丨 
： the New Position of • Corresponding i 
； the Spring Segment Torque | 
Fig. 3.2 Flow chart of the FEA on the coiled spiral spring segment 
3.2.1 Preprocess 
A piece of segment is cut from a mainspring, with the total length of the sample 
around 26.4mm. Fig. 3.3 shows the coiled segment inside the barrel. It acts as the 
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initial condition of the simulation. In order to represent the segment in the FEA 
program, beam element is chosen to discretize the whole segment. Beam element is 
widely used in many FE models, and is being studied for a long time [53, 54]. The 
following is the stiffness matrix for the beam element with respected to the local 
coordination: 
“ 1 2 6L - 1 2 6L ‘ 
， E I 4丄2 -6Z, l l } 
k = ^ (3.1) 
- ] } 12 —6L 
Syrn. _ 
where E is the Young's modulus, I moment of inertia, L length of beam element 
Since the coiled segments deforms on a same plane, the whole segment is 
discretized to a two dimensional frame structure by the 2D arbitrarily oriented beam 
element. So, it becomes a 2D (planer) FEA, with a simpler modeling and 
computation than the three-dimension case. According to [53], the global stiffness 
matrix k of each arbitrarily oriented beam element in the planer frame structure is: 
l} I L^ ) L \ ) \ L} ) L 
A S ' A ' 包 C -iA-'4]cS -(AS'.'-^CA ^C 
1} L I L^) I J L 
“ I 4/ '-is --fc 2/ 





l = k-d 
{f\x f\y ^H fix f l y msf � h ^hx � h Y (3.3) 
where C = cos0,S = sin<9, 6 be the angle of orientation of the element with respect 
to the global-coordination, A be the cross-section area. The local and global force 
coordinate system is shown in Fig. 3.4a and 3.4b respectively. 
The discretized model of the segment in the initial status is shown in Fig. 3.5. In 
total, there are 434 beam elements, thus 435 nodes. Thus, each element has a length 
of around 26.4 / 434 = 0.0608 mm. The blue lines represent the beam elements used 
for discretization, while the blue dots are the nodes, and the red circle is representing 
the shaft at the centre of the shaft. Please note that the coiling direction is flipped for 
the FE model as the barrel is flipped to fit in the variocouple during the experiment. 
As mentioned above, the shaft of the barrel rotates 0.6° clockwise for each step. 
Thus, the load is defined as setting the nodes or elements which contact with the 
shaft to rotate for 0.6°. At the initial condition, assuming only the first node contacts 
with the shaft, i.e. the rotation displacement is applied to it as loading. Also, the last 
node is fixed to the inner wall of the barrel. So, the boundary condition for step 1: 
f f \ \ 
dxr=R COS 0 — -COS<9 (3.4) 
t I 300 j J 
( f \ \ 
d^^ =R sin 9 cos(9 (3.5) 
1 少 I I 3 0 0 J J 
d似= d n y = = 0 where n - total number of nodes = 435 (3.6) 
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Now, the discretized coiled spring segment, and the corresponding load and 
boundary condition are input to the solver. 
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Fig. 3.3 Coiled mainspring segment 
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Fig. 3.4a Local force coordinate system 
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Fig. 3.4b Global force coordinate system 
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Fig. 3.5 FEA discretization of the coiled spiral spring segment 
3.2.2 Solver 
Once the element type is chosen and element stiffness matrix k is generated, each 
element is connected together, and each element matrix k is assembled to form the 
total (global) stiffness matrix K of the whole spiral spring structure: [53, Eq. (2.219)] 
K = [K]= X左W and F = {F}= f ； 一 � = { d } = f；一） （3.7) 
e=\ e=\ 6 = 1 
where e is the element number, N = n-1 = total element number, {e) represents the 
element index. And from now on underscore means matrix or vector. 
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After defining the total stiffness matrix, and introducing the load and boundary 
conditions of the structure, the solver of the FEA program is ready to solve the global 
equations of the whole structure: 
F = KD (3.8) 
where F, D, K is the total force vector, displacement vector, and stiffness matrix of 
the structure respectively. | 
V 
Given the last node is fixed, the boundary condition in Eq. (3.6) is homogeneous. 丨 
Stated in [53], the rows and column corresponding to such zero-displacement degree 
of freedoms (d.o.f.) should be deleted in Eq. (3.8) for the saving computation power. 
A new set of system of equation is formed: ，, 
J 
1 n 
Fe = KeDe (3.9) j 
where Fe, De,位 is the effective total force vector, displacement vector, and 
stiffness matrix of the structure respectively, which the rows and columns associated 
with d.o.f. of the homogeneous boundary condition are all deleted. 
For handling the displacement loading and the heterogeneous boundary condition, 
they are considered as constraints. The general form of the constraint equation is [54] 
CD-Q = 0 (3.10) 
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where C is an m by 3a? matrix, with m = number of constraints equations, 3n = 3 x 
number of nodes = number of degree of freedom in the global displacement vector D. 
2 is a vector of constant. For example, the loading displacement and boundary 
condition for the step 1 (Eq. (3.4) & (3.5)) is formulated as 
‘ f ( ^ \ Y 「， A ^ R cos 9 cos没 
C = . • • = < • J (3.11) 
0 1 0 . . . 0 - A ' { n ^ 1 • L � K sm 9 - s i n 0 
[ I I 3 0 0 j J 
Lagrange multiplier method [54] is used here to impose such constraints to the 
global equations Eq. (3.9). The concept of this method is to introduce additional 
variables, the Lagrange multiplies A � ^m V- 丁 hen each of the constraint 
equation is multiplied by the corresponding A/, and are added the usual energy terms 
to becomes a modified total energy expression 
n ^ K D - D ^ F ^ X ^ ^ ^ D - ^ (3.12) 
Setting the derivatives o f O ^ with respect to t h e岛 and A,- to zero, and form a matrix: 
= (3.13) 
� / ^ C ^ l fDl [F 
w h e r e — - , D i = > 
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By applying Eq. (3.9) to the upper partition of Eq. (3.13), the m constraints 
equations to the lower partition, Eq. (3.13), thus Eq. (3.9)，is solved to obtain DE. In 
this Matlab® program, it is easily solved by the inverse function inv. Then, whole 
displacement vector D can be obtained by adding back the known zero-displacement, 
associated with homogenous boundary conditions, to the calculated D^. 
As a result, all the unknown degree of freedoms, including the x, y position of all 
the nodes in the global coordinate system is found. However, some of the computed 
resultant position of nodes under the shaft rotation may go beyond the allowable 
region, such as go through the shaft, as shown in Fig. 3.6. 
1 1 1 1 1 1 1 1 1 I ~~r~” 
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mm 
Fig. 3.6 FEA of the coiled spiral spring segment without checking interference 
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In reality, the mainspring segment does not go into the 1 mm radius shaft. An 
algorithm is development to tackle the problem: 
1. Store the recent position (x. v) of the model 
2. Solve Eq. (3.8) with load and boundary condition to compute the 
displacement D 
3. Check the new position of all nodes, (x, v) + D, whether there exists a node 
that goes into the shaft 
if no, update the new position of all nodes as (x, v) + D 
if yes, rerun the solver with newly set load and boundary condition, 
such that the nodes in the shaft are "forced" to just contact to the shaft, 
then update the new position of all nodes with the new solution of D 
4. Check updated position of the model, and set the nodes that contact to the 
shaft to rotate with the shaft, for each program loop in 0.6° clockwise 
5. Repeat step 1-4 (program loop) for 150 times, until the shaft rotates 90° in 
total 
In step 3, the distance between all nodes and the origin is checked: 
及0/2 = X产 + yi^ , I = \ to n, n = no. of nodes (3.14) 
The i-th node is in the shaft if R^j < R，where R = 1 mm is the radius of shaft. 
In step 4, the nodes inside the shaft are moved to just contact the shaft. The new 
position (x, y) of such nodes is calculated as follows: 
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〇 + -飞 - 『(…） 
Clockwise 
J rotation 
Fig. 3.7 Position of the node (x, y) that just contacts the shaft 
Let (a:，_v) be the required position of the node, and {x\, y i ) be the position of the 
node before (x, y), I be the length of the element associated with (x, y) and(xi,>' |). 
Assume no buckling occurs during rotation, i.e. if (x,少）contacts the shaft, the node 
before it, {x^, y]) contacts the shaft, too. Thus, given R^ =R = ] mm, 
R o � = r 2 (3.15) 
R^^ = r 2 (3.16) 
(3.17) 
Subs. Eq. (3.15), (3.16) into Eq. (3.17): 
+ = -l^/2 (3.18) 
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Consider the cases of 0: 
R^-x^x-l^/2 R^-l^/2 
y = = ^ + (3.19) 
Subs. Eq. (3.19) into Eq. (3.15), a quadratic equation in jc is obtained: 
1 + ^ V w h e r e C = ^L^LLLL (3.20) 
I yi^j 少丨 少1 
I f 却 + 為 2 — 及 2 ) 
= " . 乂 � 乂 , where C = — (3.21) 
f 4 力 
I •vi j 
( 2\ 
Since >0’ 
I •Vi j 
丛 閑 2 _ 4 [ i + 暴 2 — 沢 2 ) 
, � 少 1 少 丨 � I yi ) , . R ^ - l ^ / 2 
=> max(x) = y ：^ ’ where C = 
2 1 + - ^ -
l yi J 
(3.22) 
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_ . M 少 1 V*^  少1 J I “ 广 , 2 / 2 
=> mm(x) = -( ^ ，where C = 
2 1 + 4 少 1 
I少1 J 
(3.23) 
(min(AO’>J Case 1 ： ~ ~ 
� ^ , � if >1 >0=>x<xi Z^x = mm(x) 
Z / 
/ ' ' / X z - Z � 
Q;：：.'': 一:............—. 
Case 2: 
I C l o c k w i s e � � � 、：买、、 � � j if >1 <0=>x>x^ = max(x) 
\ m t a t i o n �� 
(minCO.jMffl) 
Fig. 3.8 Choosing the value o fx 
The choosing of x between the two possible values in Eq. (3.21) depends on the 
sign of少 1，since it is known that the rotation is clockwise. Illustrated in Fig. 3.8, the 
2 only possible beam locations are shown in black and grey color for both cases ofjvi. 
For clockwise rotation, the black one should be chosen. For case 1， 
yi >0=> X <xi => x = min(x). For case 2, y^ < 0 => x > X] => x = max(x). Then, 
depends on the sign of>i,少 is found by substituting the corresponding x (Eq. (3.22) 
or Eq. (3.23)) into Eq. (3.19). 
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For the special cases of y\ = 0 and xj = 0 respectively: 
If = 0 , thenxi^ = R^ by Eq. (3.16)，thusx!关 0 
By Eq.(3.18), 
r2 i! 
= — — — (3.24) 
X\ 2x\ 
By Eq. (3.15), 
y = ± � R 2 (3.25) 
In determining the sign of少，the same argument stated before - clockwise rotation 
- i s used. Illustrated in the left hand side of Fig. 3.9，the sign of_y depends on the sign 
of;ci . If > 0 (X, = R), then y = -x'^ > 0. If xj < 0 ( x j = -R), then 
y = -X^ < 0 . 
Similarly, if x^ = 0， then少！二 = by Eq. (3.16), t hus j i 本 0 
By Eq. (3.18), 
n2 ,2 
少 = — — — ( 3 . 2 6 ) 
By Eq. (3.15)， 
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x = ±^]R2 (3.27) 
Shown in right hand side of Fig. 3.9, the sign of x depends on the sign of>i，if 
> 0 (少1 = R), then ;c = 一 _ y2 < o. If 少i < 0 (少i = -R), then 
X = 如 2 一 y2 > 0 Actually, same results can be obtained by substituting xj = 0 into 
Eq. (3.21). Note that for the general cases of 0，it can be proved that Eq. (3.20) 
must have distinct real roots. The discriminant of Eq. (3.20) is 
f 2 V � � / " 2 � 1 � /"d2� 1 
A = \ ^ \ - 4 1 + � ( C 2 一 外 4 R2 1 + � - C 2 = 4 � - C ^ 
V J I ； J L V J J L J . 
( R ^ - 1 ^ ] J/^2,2 ,4] 4,2〔 i2\ 
= 4 ~ - - = 4 =—— R么 >OforR» I 
I 少 1 > 1 � 4 少 i 2 � ； V 
(3.28) 
Recall from the preprocess part, the spiral spring model of total length 26.4 mm is 
discretized into 434 beam elements with length / around 0.0608 mm. So, when 
compared with the shaft radius R = 1 mm, R » I valid, and thus A > 0 in Eq. (3.28). 
It proves that Eq. (3.20) has distinct real roots as the discriminant is positive 
when y] 
By repeating step 1-5，the solver computed the resultant position of all nodes 
under the 0.6° shaft rotation (clockwise) in each program loop, until the total rotation 
reaches 90°. Then, the nodes position of each program loop is stored. It is used for 
displaying the spring segment movement and torque calculation in the post-process. 
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Fig. 3.10 Spiral spring position of the program loop 1, 75, 100, 300 
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Fig. 3.11 Load and support on the spiral spring segment 
3.2.3 Post-process 
Mentioned above, the solver calculated the position of all nodes in each program 
loop. In the post-process, the program displays the spiral spring position in each loop 
by plotting the (x, y) vector. Some extract loops are shown in Fig. 3.10. The | 
simulated winding process is illustrated, and is being saved as a MEPG movie by the 
Matlab® function mov. 
On the other hand, the computed D, K, during the solver process is stored in each 
program loop, for the calculation of the torque (energy) stored in the winding process. 
The derivation of the torque-deflection equation is modified from [49]: 
Consider the load and support in shown in Fig. 3.11，torque of the shaft, T^, is 
T , = T ^ - F , R s (3.29) 
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In the (X, y) coordinate, Tbe the torque at any arbitrary point of spiral spring segment: 
T-T^+F,y + {Rs-x)F, = 0 
- T = F , . ( x - R b ) - F ] ” 7 ] (3.30) 
Subs. Eq. (3.29) into Eq. (3.30)， 
T = F,(x-Rs)-F,y + iT,+F,Rs) = T,+F,x-F,y (3.31) 
� • ^ = 1 (3.32) 
沉o 
For infinitely small spring element ds, the elastic strain energy: 
dU =——ds (3.33) 
2EI V ^ 
where E be Young's modulus, I be moment of inertia. Assume E, I constant 
throughout the whole spiral spring segment. For the total spiral spring length L, the 
total strain energy U is obtained by integration: 
U= t — ds (3.34) 
Jo Jo 2EI 
Mentioned in Solver, each beam element in the discretization is assumed as linear 
structure [53，54], i.e. the Castigliano's second theorem is valid [55]. Together with 
Eq. (3.31), (3.32), & (3.34)，the deformation is 
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dU rL T dT J 1 rL. ^ 、， 
dTo Jo EI dTo ^ [ EI / 7 J o � � ‘ ,,乂 
(3.35) 
For numerical computation, ds^ As, the definite integrals is considered as a 
summation of series for n nodes {n-1 beam elements). Note thatA^q = 0, thus, the 
n 




I n n n 
= — - F f X y i � - � (3.36) 
LI L /=i /=i /=i . 
n n 




Ely卜 F丨工 X 丨 ^ s 卜 \ 
= ^ ^ (3.37) 
Given the rotation is 0.6° for each program loop, y/= number of loop x 0.6°, E, I, L is 
known. Shown in Fig. 3.1 \ andFf is the vertical and horizontal reaction force of 
the fixed last node respectively. By taking inverse in Eq. (3.8) with the known K and 
D in the Solver process, F is computed. Then, F^ andF^ is found. Together with the 
X, calculated in the Solver, T � i s computed, and the torque-deflection relation is 
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derived by Eq. (3.37). For implementation in the Matlab® program, trapezoidal rule 
is used [56]. In the next part, it is going to be compared with the linear approximated 
torque-deflection equation by assuming the spring is symmetric for large number of 
广 A rL rL 
turns. Assuming xds w 0, yds « 0 ’ xyds « 0 for large number of turns [49]: JQ JQ JQ 
T o = ^ (3.38) 
3.3 A Comparison between Simulation and 
Experiment Results 
3.3.1 Experimental setup 
For verifying the simulation results, an experiment is setup to measure the 
corresponding torque and rotation angle during the winding process. The torque is so 
small, at orders N.mm, which is difficult to test. CSM Instrument, Swiss, 
Variocouple is used for measuring the torque. It is a good hardware with suitable 
software interface on recording the measurements. Specification of the variocouple is 
attached in the Appendix. 
a) Instrument applied: The variocouple used is shown in Fig. 3.12. Since the force 
sensor is a static one which can only get a slow changing force, the output of 
shaft is kept in relative static mode, i.e. slow movement. The centering 
microscope and the servomotor are used to realize rotation speed control. Here, it 
is set as 1.00 rpm throughout the measurement. 
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b) Fixture and sensor: Illustrated in Fig. 3.3, the mainspring segment is winded 
inside the barrel. The barrel is connected to the servo-motor holder by a fixture, 
as shown in Fig. 3.13. On the other hand, a transmitting arm is assembled on the 
fixture for transmitting the rotation to the force sensor. The arm touches the force 
sensor at a distance of \mm. Thus, the raw data of the recorded force is 
multiplied by \mm to get the torque. 
c) Measurement and Recording: the force sensor is connected to a personal 
computer (P.C.) to record its raw measurement. The software shown in Fig. 3.14 
is the interface between the force senor and the data processing P.C. It plots the 
real time measured torque against rotation angle, and the raw data is stored as a 
text file. A set of raw data is shown in Appendix. 
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Multi-meter "\otor encoder holder sensor stape microscope 
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Fig. 3.12 Instrumentation of Variocouple 
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Fig. 3.13 The fixture and force sensor in the experiment station 
一 國 
Fig. 3.14 Raw data of the vario-couple 
76 
3.3.2 Results Analysis 
The computed torque by Eq. (3.37) in the simulation is compared to two set of 
experimental results. Also, it is compared to the linear approximated Eq. (3.38). The 
maximum absolute error and percentage 2-norm error is shown in Table 3.1. In Fig. 
3.15, all the four sets of data are plotted together. The two sets of experimental 
measurements match with the simulation computation very much, with a few 
fluctuations of 0.81925% and 0.51351% respectively. Such fluctuations are due to 
the unavoidable measurement error of the force sensor with limit resolution. The 
relatively large value of maximum absolute error, 0.32316 mm and 0.26077 mm 
respectively, where occurred at the start of the experiment. After the rotation larger 
than 10°, the experimental measurements merge with the simulated results. It 
suggested that before the rotation angle = 10。，the force sensor is still in transient 
state, and cause a relatively large error. 
On the other hand, the torque computed by Eq. (3.37) is nearly identical to the 
one by Eq. (3.38), where the maximum absolute error is only 0.0025924mm, and the 
two-norm percentage error is as tiny as 0.015602%. Besides the quite symmetric 
structure of the mainspring segment, the excellent comparison results of Eq. (3.37) & 
(3.38) are due to the frictionless contact throughout the process. Since the maximum 
rotation angle is only 90°, there is no inter-layer contact for the spring segment on 
both the simulation and experiment. Thus, it is a frictionless FEA. It follows the 
proved result of linear torque-deflection relation for frictionless case in [50, 57]. 
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Fig. 3.15 Computed and experimental torque v.s. rotation angle 
Compare Eq. (3.37) against: Experiment 1 Experiment 2 Linear Eq. (3.38) 
Max. absolute error {mm) 0.32316 0.26077 0.0025924 
% 2-norm Error 0.81925% 0.51351% 0 . 0 1 5 6 0 2 % ~ 
Table 3.1 Experimental Computed torque by Eq. (3.37) & (3.38) 
3.4 Summary 
In this chapter, a finite element analysis is performed for simulating the winding 
process of a piece of spiral spring segment. To represent the rotation transmitted 
from the rotating shaft inside the barrel, the load is defined as a boundary condition, 
or called as load constraint, to set the nodes that contacting the shaft to rotate with it. 
For implementing such constraints, together with the boundary condition of fixing 
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the last node on the barrel wall, Lagrange multiplier method is adopted. Also, an 
algorithm is derived and implemented for avoiding the nodes of the FE model 
passing through the shaft during the simulation. Following that, a torque-deformation 
relation is derived, and is implemented by a Matlab® program together with the FEA 
routines. 
For verifying the simulation result, an experimental is setup for measuring the 
torque resultant torque of the mainspring segment by a Swiss vario-couple. 
Neglecting the unavoidable experimental error, the result of comparison is excellent 
with percentage errors between the computations and the experimental data are less 
than 1%. On the other hand, the derived torque-deflection equation Eq. (3.37) 
matches with the well-known linear approximation, Eq. (3.38)，nearly perfectly. It is 
because during the whole simulation, there is no frictional contact between each coils 
of the spring segment. As mentioned in the previous study, the linear relation is 
predicted for such frictionless case [50, 57]. In conclude, it shows that in frictionless 
case, the torque stored in the mainspring segment during winding is depends on the 
winding angle, material and dimensional properties, where the resultant torque is 
proportional to winding angle, Young, modulus, moment of inertia, and is inversely 
proportional to the total length of the mainspring segment. Thus, to design a 
mainspring with a larger winding torque, E and I should be increased, and L should 
be reduced. 
In the future, it is aimed to model and analyze the whole mainspring, together 
with the frictional contact between layers, or coils, during the winding process. Also, 
modification of load and boundary condition should be studied for implementing the 
simulation on unwinding process. Combining the analysis of winding and unwinding 
process of the whole mainspring structure, an optimize design of mainspring design 
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4. Conclusions and Future Work 
This chapter presents a summary of the major works included in this thesis. It 
describes the research on the mainspring (micro spiral spring) segment, while the 
research on the micro bearing is published, and the paper is attached in the appendix. 
It includes the aim of this project, as well as the study on the load-deflection relation 
of the mainspring segment, and the performance before and after a CNT coating. 
Then, it consists of a FEA simulation of the winding of a one-turn segment of a 
micro spiral spring, from the implementation of the program to the experimental 
results. Then, the contributions and the possible future works of the thesis are listed. 
Finally, the design and simulation of the micro bearing is presented as a published 
paper attached in the appendix. 
4.1 Summary of micro spiral spring 
In this thesis, the spiral structure of the mainspring is studied. In chapter 2, the 
proportional relation between the Young's modulus and the energy stored in 
mainspring is derived. Also, the elastic modulus before and after coating CNT on the 
spring segment is studied, and the thickness of the coating is derived, too. It is 
proved experimentally and verified by FEA that the elastic modulus is increased after 
depositing the gold-CNT coating. The Young's modulus increases around 2.562%, 
with the 1.347"m thick coating. Moreover, the load-deflection theoretical model of 
the spring segment is being studied by considering it as a beam on center-load, both 
ends fixed beam experiment. In comparison, as the sample dimension is only in 
millimeter scale, the MEMs model [24] is not the most suitable model to adopt in the 
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experiment, although it is a good large deformation model in micro-scale beam or 
bridge. It is proved that the Nix's model [28] of non-linear large deformation on 
beam test performs the best with the experimental results. The results show that 
Nix's model performs with 0.5% of percentage error than those of the MEMs model. 
To conclude, the Nix's model should be adapted. 
9 9 
Then, the assumption of w « a in the Nix's model is ignored and applied to 
the experimental results. It only improves a little in the curve-fitting, and shows that 
the validity of such assumption is not a significant error. It is mentioned that the error 
sources include the validity of the mathematical model and the experimental setup, 
such as the experimental measuring error, invalidity of the perfectly rigid support 
assumption, bending stiffness in the beam segment, etc. 
As shown before, the mainspring is in a preload-shape when it is totally released. 
The S-like preloading shape suggested that the residual stress is not a constant 
throughout the whole mainspring. To bend as a S-shape, different part of the 
mainspring has different curvature and thus different constant residual stress 
throughout the segment. It leads to the mismatching among the experimental data to 
the theoretical model and the FEA since all the non-linear models and the FEA 
performed above assume a constant residual stress. Furthermore, it is shown above 
that the residual stress computed varies largely among each of the 6 samples, and in 
average larger than the non-preload beam [24] nearly 2-3 times. It in turns proved 
that such value of residual stress is due to the preloading. 
In chapter 3，a computer program is implemented by Matlab® to perform a finite 
element analysis for simulating the winding process of a piece of spiral spring 
segment. The load is defined as a boundary condition, or called as load constraint, to 
set the nodes that contacting the shaft to rotate with it for representing the rotation 
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transmitted from the rotating shaft inside the barrel. Lagrange multiplier method is 
adopted for implementing such constraints, together with the boundary condition of 
fixing the last node on the barrel wall. Also, an algorithm is derived and 
implemented for avoiding the nodes of the FE model passing through the shaft 
during the simulation. Following that, a torque-deformation relation is derived. 
Then, an experimental is setup for measuring the torque resultant torque of the 
mainspring segment by a Swiss vario-couple for verifying the simulation result. 
Neglecting the unavoidable experimental error, the result of comparison is excellent 
between the computations and the experimental data, with percentage errors less than 
1%. Moreover, the derived torque-deflection equation matches with the well-known 
linear approximation nearly perfectly. It is because there is no frictional contact 
between each coils of the spring segment during the whole simulation, which is as 
predicted as in the frictionless case mentioned in the previous study [50, 57]. 
In conclude, it shows that in frictionless case the torque stored in the mainspring 
segment during winding is proportional to winding angle, Young, modulus, moment 
of inertia, and is inversely proportional to the total length of the mainspring segment. 
Thus, to design a mainspring with a larger winding torque, E and I should be 
increased, and L should be reduced. 
4.2 Contributions 
The main contributions of this thesis are listed below: 
1. The relation between the energy stored in the barrel and the properties of the 
mainspring. It is mathematically proved that the energy stored in the barrel is 
proportional to the Young's modulus of the mainspring. 
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2. The Young's modulus before and after depositing gold-CNT coating on the 
mainspring segment is studied. By the experiment and FEA, the elastic 
modulus is increased after the CNT coating. Thus, more energy is stored after 
coating on the mainspring 
3. The thickness of the gold-CNT coating is derived. The thickness is calculated 
based on the elastic modulus before and after the CNT coating. 
4. Load-deflection relation of a mainspring segment under center load, both 
ends fixed beam test is studied. A suitable mathematical model is found to 
describe the non-linear load-deflection relation, and is verified with 
experimental and FEA results. 
5. FEA program for simulating the winding of the spiral spring. A computer 
program is implemented by Matlab® for simulating the winding of a 
mainspring inside the barrel. Algorithm is developed to deal with the 
boundary condition of the rotating shaft. 
6. Computing the angular deflection due to the torque applied to the spiral 
spring. Base on the FEA result, the torque-deflection relation of the spiral 
spring is derived. The frictionless case of mainspring segment with one turn 
is illustrated and verified with the experimental results. 
4.3 Future work 
For the load-deflection study of the mainspring segment beam test, although the 
result of both the Nix's model is acceptable with tiny error smaller than 2%, those 
errors in the Nix's model do affect the curve-fitting. Thus, in order to improve the 
performance in the future, the experimental setup should be improved for minimizing 
the experimental error. Then, it can be applied for finding the residual stress of 
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different segments of the mainspring, hoping to study and model the preloading 
accurately on the mainspring structure. It is for the optimal design of the mainspring 
in the future. 
For the spiral spring FEA program, it is aimed to model and analyze the whole 
mainspring, together with the frictional contact between layers, or coils in the future. 
Contact mechanics should be deeply studied in order to model the contact cases. 
Also, we will implement the simulation on unwinding process by modifying the load 
and boundary condition. Combining the analysis of winding and unwinding process 
of the whole mainspring structure, an optimize design of mainspring design is 
derived for maximizing the mainspring working time and constant torque output. 
Same as before, it will be verified experimentally. To acquire more accurate 
experimental measurements, the fixture design will be improved in the future. 
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Appendix 
A1 Specification of CSM Instrument, Swiss, Variocouple 
Revolutions per minute 0.02 to 10 rpm 
Angular resolution 0.1° 
Continuous motor torque 5Nm max 
Precision of position (XYZ) 0.01 mm 
Optical magnification 50 x (Option: Video camera) 
A2 Matlab program of the spiral spring segment FEA 
Main program: NoContactFEA_Ld5.m 
% Mainspring FEA: Lagrange 
% Non-Contact 
clear; clc; 
% Define Conslanl 
b = 0.94; 
h = 0.12; 
A = b * h ; 
E = 2.6653 lE+5; 
I = b*h^3/12; 
R = 3.6; 
N = 3/3; 
R o = 1.2; 
BR = 5.4; 
pitch 1 =(2.1-(Ro+h))/N; 
pitch2 = (R-Ro-h)/N; 
da = 5; 
% Shaft 
j = l； 
fori = 0:(pi/10):(2*pi) 
s h a f t x � = R o * cos(i); 
shafty(j) = Ro * sin(i); 
j = j + l; 
end 
% Spiral Set叩 
% part 1 
angle = [0:da:(360*N)]; 
Rv = Ro + h*angle/360; 
X = Rv .* cos(angle*pi/180); 
y = Rv .* sin(angle*pi/180); 
% part 2 
angle = [da:da:(180*N)]; 
Rv = 2.1; 
xtl = R v .* cos(angle*pi/l80)-Rv+(Ro+h); 
ytl = R v . * sin(angle*pi/180); 
X = [X x t l ] ; 
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y = [y y t i ] ; 
% pan 3 
angle = [180+da:da:(270*N)]; 
Rv = (Ro+h) + pitch2*angle/270; 
xt2 = Rv .* cos(angle*pi/180); 
yt2 = Rv .* sin(angle*pi/180); 
X = [X xt2]; 
y = [y yt2]； 
% part 4 
xt3 = [0.3:0.3:BR]; 
yt3 = (xt3 ,2)*R/(BRA2)-R; 
X = [X xt3]; 
y = [y yt3]； 
ElementNo = size(x, 2) - 1; 
ds = Rv * (da*pi/180); 
plot(x’y’’”)； 
hold; 
plot(shaftx, shafty, 'r-'); 
axis([-BR, BR, -BR, BR]); 
Mov( l ) = getframe; 
F = zeros((l+ElementNo)*3, 1); 
movfr = 2; 
contact = zeros( 1, 1+ElementNo); % contact: node #, non-contact: 0 
forj = 1:1:150 
% aulius of each node 
r = sqrt(x.八 2 + y , 2 ) ; 
for i = 1 :size(r, 2) 
i f x ( i ) < 0 
alpha(i) = atan(y(i)/x(i)) - 3*pi/2; % coordinate angle vvlieii contact 
alp(i) = atan(y(i)/x(i)) - pi; % coordinate angle vv/o contact 
else 
alpha(i) = atan(y(i)/x(i)) - pi/2; % coordinate angle when contact 
alp(i) = atan(y(i)/x(i)); % coordinate angle w/o conlacl 
end 
end 
% Hlenienl Length and Angle 
for i = 1 :(ElementNo) 
L(i) = sqrt((x(i+l)-x(i))A2 + (y(i+l)-y(i)r2); 
i i� (x ( i+ l ) -x ( i ) )<0 
theta(i) = atan((y(i+l)-y(i))/(x(i+l)-x(i))) - pi; 
else 
theta(i) = atan((y(i+l)-y(i))/(x(i+l)-x(i))); 
end 
end 
K = zeros((l+ElementNo)*3); 
for i = l:l:(ElementNo) 
"o setup temporary k matix 
"o diagonal 
temp(l，l) = A*cos(theta(i))A2 + 12�(siii(theta(i))A2)/L(i)八 2; 
temp(2，2) = A*sin(theta(l)r2 + 12*I*(cos(theta(i))^2)/L(ir2; 
temp(3,3) = 4*I; 
temp(4,4) = temp(l,l)； 
temp(5,5) = teinp(2,2); 
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temp(6,6) = temp(3，3); 
"o Symmetric 
temp( 1 ’2) = (A- 12*I/L(ir2)*cos(theta(i))*sin(theta(i)); temp(2,1) = temp( 1 ’2); 
temp(l,3) = -6*I*sin(theta(i))/L(i); temp(3,l) = temp(l,3); 
temp( 1，4) = -temp( 1,1); temp(4,1) = temp( 1,4); 
temp(l,5) = -temp(l,2); temp(5,I) = temp(l,5); 
ternp( 1,6) = temp(l,3)； temp(6,l) = temp(l,6); 
temp(2，3) = 6*I*cos(theta(i))/L(i); temp(3,2) = temp(2’3); 
temp(2,4) = temp(l’5); temp(4’2) = temp(2’4); 
temp(2,5) = -temp(2,2); temp(5’2) = temp(2,5); 
temp(2,6) = temp(2’3); temp(6’2) = temp(2,6); 
temp(3,4) = -temp(l,3); temp(4,3) = temp(3,4); 
temp(3,5) = -temp(2,3)； temp(5,3) = temp(3,5); 
temp(3,6) = 2*1; temp(6,3) = temp(3,6); 
temp(4,5) = temp(l,2); temp(5’4) = temp(4，5); 
temp(4,6) = temp(3,4); temp(6,4) = temp(4,6); 
temp(5,6) = -temp(2，3); temp(6’5) = temp(5,6); 
temp = temp * E/L(i); 
"o iiipul lemp into K 
K((l+(i- l )*3):(6+(i- l )*3)，( l+(i- l )*3):(6+(i- l )*3)) = K((l+(i-l)*3):(6+(i-l)*3)，( l+(i-l)*3):(6+(i-
l)*3)) + temp; 
end 
"o detcmiine nodes contacts shaft 
contno(j) = 0; 
for i = l:(l+EIementNo) 
CatempX = zeros(l, (ElementNo)*3); 
CatempY = zerosO, (ElementNo)*3); 
CatempX(l+( i - l )*3)= 1; 
CatempY(2+(i- l)*3)= 1; 
% setup constraint nialrix C 
if (r(i) <= Ro) II ( i < = 1) II (contact(i) 0) 
if contno � = = 0 
C = CatempX; 
C = vertcat(C, CatempY); 
else 
C = vertcat(C, CatempX); 
C = vertcat(C, CatempY); 
end 
contact(i) = i; 
contno � = c o n t n o O ) + 1； 
else 
contact(i) = 0; 
end 
end 
"b Lagrange Multiplier Mcllioci 
Ktest = K-" 
Ktest(:, (s ize(K,l)-2):size(K,l))=[]; 
Ktest((size(K,l)-2):size(K,l) ,:)=[]; 
KC = [Ktest C; C zeros(size(C,l))]; % setup K matrix wiih Lagraiigiaii 
0,0 Eioiiiulaiy Condition: rotation on contacted node 
Q = zeros(size(C,l), 1)； % setup conlraint value Q 
ii = 1; 
ci = 0; 
for i = 1 :(size(contact, 2)) 
if contact(i) > 0 
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ci(ii) = contact(i); 
II = 11 + 1; 
end 
end 
for i = l:2:(size(Q,l)) 
Q(i) = Ro*(cos(aIp(ci((i+l)/2))-pi/300)-cos(alp(ci((i+l)/2)))); 
Q(i+l) = Ro*(sin(alp(ci((i+l)/2))-pi/300)-sin(alp(ci((i+l)/2)))); 
end 
FQ = [F(l:ElementNo*3); Q]; 
% Solve for d vector in F = Kd (FQ = KC*DL) 
DL = inv(KC) * FQ; 
o.'o Add the displacement lo position and plot 
Lamda = DL((l+(size(F，l)-3)):(size(Q’l)-l+(l+(size(F，l)-3)))); 
d = DL(l:(EIementNo*3)); % cl in global coordinates 
d(l+ElementNo*3) = 0; 
d(2+ElementNo*3) = 0; 
d(3+ElementNo*3) = 0; 
inside(j) = 0; 
px = x; 
py = y; 
f o r i = l:3:(size(F,l)) 
tempX = x(l+(i-l)/3) + d(i); 
tempY = y(l+(i- l) /3) + d(i+l); 
ifsqrt(tempX^2+tempY^2) < Ro 
inside � = i n s i d e � + 1； 
end 
if(sqrt(tempX^2+teiTipY^2) < Ro) % handle R Ro 
contact(l+(i-l)/3)= l+(i-l)/3; 
if i == 1 
iftempX < 0 
temp A = atan(tempY/tempX) + pi; 
else 
tempA = atan(tempY/tempX); 
end 
tempX = Ro*cos(tempA); 
tempY = Ro*sin(tempA); 
else 
xl = x((i-l)/3); yl = y((i-l)/3); 1 = L((i-l)/3); % constant 
i f (x l ~ = 0 ) && (yl ~= 0) 
Co = (Ro^2 - (1^2)/2)/yl; % constant 
tempX( 1) = ((2*xl *Co/y 1) + sqrt((2*xl *Co/y 1 )^2-4*(Co^2-
Ro^2)*( 1 +(x 1 /y 1 广2)))/(2*( 1 +(x 1/y 1 广2)); 
tempX(2) = ((2*xl*Co/yl) - sqrt((2*xl*Co/yl)^2-4*(Co^2-
Ro^2)*( 1 +(x I /y 1 广2)))/(2*( 1 +(x 1 /y 1 广2)); 
i f y l > 0 
tempX = min(ternpX); 
e lse i fy l < 0 
tempX = max(tempX); 
end 
tempY = (Ro^2 - (1^2)/2 - xl*tempX)/yl; 
e lse i fy l == 0 
tempX = (Ro^2-(r2) /2) /x l ; 
i f x l > 0 
tempY = sqrt(Ro^2 - tempX'^2); 
e lse i fxl < 0; 
tempY = -sqrt(Ro^2 - tempX八2); 
end 
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elseif xl == 0 
tempY = (Ro^2-(1^2)/2)/yl; 
i f y l > 0 
tempX = -sqrt(Ro^2 - tempY^2); 
elseif yl < 0; 





contact(i+(i-l)/3) = 0; 
end 
xdtemp( 1 +(i-1)/3) = tempX; 
ydtemp( 1 +(i-1)/3) = tempY; 
x( l+( i - l ) /3) = tempX; 
y ( l + ( M ) / 3 ) = tempY; 
end 
% i n s i d e o r i i o l 
if i n s i d e � � = 0 
xd = xdtemp - x; 
yd = ydtemp - y; 
[ddx, ddy] = SpSolver(x, y, xd(l:inside(j)+l), yd(l:inside(J)+l)’ da, ElementNo); 
X = d d x ; 
y = ddy; 
end 
"b Compute Equivalent Outpiil Force/Torque 
for i = l:3:(size(F’l)) 
Ed(i) = x(I+( i - l ) /3 ) -px( l+( i - l ) /3 ) ; 
Ed(i+ l) = y(l +(i-1 )/3) - py( 1 +(i-1 )/3); 
Ed(i+2) = d(i+2); 
end 
if j == 1 
EF = K * Ed'; 
else 
EF = horzcat(EF, (K*Ed')); 
end 
T1 =EF(size(EF, 1)J); 
Fr = EF(size(EF, l ) - l ’ j ) ; 
Ft = EF(size(EF, l)-2，j); 
CFrl = 0 ; CFtl = 0 ; 
fori = l:l:(size(L, 2)) 
CFrl =CFr l + Fr*(x(i+l)+x(i))/2*L(i); 
CFtl = CFtl +Ft*(y( i+ l )+y( i ) ) /2*L( i ) ; 
end 
i n c T o � = ( - E * I * p i / 3 0 0 * j - CFrl + CFtl)/sum(L); 
To(j) = (-E*I*pi/300 - CFrl + CFtl)/sum(L); 
linear(j) = -E*I*pi/300*j7sum(L); 
% ploting 




plot(shaftx, shafty, 'r-')； 
axis([-BR, BR, -BR, BR]); 
Mov(movfr) = getframe; 





movie2avi(Mov, 'mov2aviFEA'，Tps', 2); 
To = [0，To]; incTo = [0, incTo]; 
linear = [0，linear]; 
i = 0:l:j-l; 
i = i* 180/300; 
figure; 
plot(i, incTo(l:j), •-'^ b', i, linear(l:j), ’-+g.); 
legend(Total Torqiie', 'Linear Approx.'); 
function for moving nodes to contact the shaft: SpSolver.m 
% Mainspring ri:A: Lagrange 
% Noii-CoiUact Solver 
function [ddx, ddy] = SpSolver(x, y, xd, yd, da, ElementNo) 
"b Define Coiislanl 
b = 0.94; 
h = 0.12; 
A = b * h; 
E = 2.6653 lE+5; 
I = b*h^3/12; 
�.’.0 radius of each node 
r = sqrt(x.A2+y.A2); 
for i = l:size(r, 2) 
i f x ( i ) < 0 
alpha(i) = atan(y(i)/x(i)) + pi/2; % coordinate angle when contact 
alp(i) = atan(y(i)/x(i)) + pi; % coordinate angle w/o contact 
else 
alpha(i) = atan(y(i)/x(i)) - pi/2; coordinate angle when contacl 
alp(i) = atan(y(i)/x(i)); % coordinate angle w/o conlacl 
end 
end 
% Element Length and Angle 
for i = l:(ElementNo) 
L(i) = sqrt((x(i+l)-x(i))A2 + (y(i+l)-y(i))A2); 
i f ( x ( i + l ) - x ( i ) ) < 0 
theta(i) = atan((y(i+l)-y(i))/(x(i+l)-x(i))) + pi; 
else 
theta(i) = atan((y(i+l)-y(i))/(x(i+l)-x(i))); 
end 
end 
K = zeros((l+ElementNo)*3); 
for i = l:l:(ElementNo) 
？0 setup temporary k niatix 
% diagonal 
temp(l，l) = A*cos(theta � ) A 2 + 12*I*(sin(theta(i))^2)/L(ir2; 
temp(2,2) = A*sin(theta(i))A2 + 12*I*(cos(theta(i))A2)/L(i)A2; 
temp(3，3) = 4*l; 
temp(4,4) = temp(l,l); 
temp(5,5) = temp(2,2); 
temp(6’6) = temp(3,3); 
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"o Symnicli ic 
temp(l,2) = (A-12*I/L(i)^2)*cos(theta(i))*sin(theta(i)); temp(2，l) = temp(l 2). 
temp(I,3) = -6*I*sin(theta(i))/L(i); temp(3,l) = temp(l,3)； ， ’ 
temp( 1，4) = -temp( 1,1); temp(4,1) = temp( 1，4); 
temp(I,5) = -temp(I,2); temp(5,l) = temp(l,5); 
teinp( 1,6) = temp( 1，3); temp(6,1) = temp( 1 ’6); 
temp(2,3) = 6*I*cos(theta(i))/L(i); temp(3，2) = temp(2,3); 
temp(2,4) = temp(l,5); temp(4,2) = temp(2’4); 
temp(2,5) = -temp(2,2); temp(5,2) = temp(2,5); 
temp(2,6) = temp(2，3); temp(6,2) = temp(2,6); 
temp(3,4) = -temp(l,3); temp(4’3) = temp(3,4); 
temp(3,5) = -temp(2,3); temp(5,3) = temp(3,5); 
temp(3,6) = 2*1; temp(6，3) = temp(3,6); 
temp(4,5) = temp(l,2); temp(5,4) = temp(4,5); 
temp(4’6) = temp(3,4); temp(6,4) = tenip(4,6); 
temp(5,6) = -temp(2,3); temp(6,5) = temp(5,6); 
temp = temp * E/L(i); 
inpiil lenip into K 
K((l+(i-l)*3):(6+(i-l)*3)’(l+(i-l)*3):(6+(i-l)*3)) = K((l+(i-l)*3):(6+(i-l)*3)’(l+(i-l)*3).(6+(i-
l)*3)) + temp; 
end 
% set nodes lo contact shaft 
for i = 1 :(size(xd, 2)) 
CatempX = zeros(l，（l+ElementNo)*3); 
CatempY = zeros(l, (]+ElementNo)*3); 
CatempX(l+(i-l)*3)= 1; 
CatempY(2+(i-l)*3)= 1; 
if (i == 1) % selup constraim matrix C 
C = CatempX; 
C = vertcat(C, CatempY); 
else 
C = vertcat(C, CatempX); 
C = vertcat(C, CatempY); 
end 
end 
% Lagrange Multiplier Melliod 
"b Boundary Condition: fixed at last node 
for i = (1 +(ElementNo)*3):(( 1 +ElementNo)*3) % setup conslraint matrix C 
Catemp = zeros( 1, (l+ElementNo)*3); 
Catemp(i) = I; 
C = vertcat(C, Catemp); 
end 
KC = [K C; C zeros(size(C,l))]; % setup K matrix with Lagrangiaii 
% Boundary Conclilioii: rotation on contacted node 
Q = zeros(size(C,l), 1); % setup contraiiit value Q 
f o r i = l:2:(size(Q,l)-3) 
Q(i) = xd(l+(i-l)/2); 
Q(i+l) = yd(l+(i-l)/2); 
end 
F = zeros((l+ElementNo)*3, 1); 
FQ = [F; Q]; 
� 0 Solve for cl vcctor in F = Kd (FQ = KC=^DL) 
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Abstract： This paper introduces a new type of air bearing with flexure structure. The new bearing is designed for 
precision mechanical engineering devices such as mechanical watch movement. The new design uses the flexure 
structure to provide 3D damping to absorb shocks from all directions. Two designs are presented: one has 12 T-shape 
slots in the radian direction while the other has 8 spiral slots in the radian direction. Both designs have flexure 
mountings on the axial directions. Based on the Finite Element Analysis (FEA), the new bearing can reduce the 
vibration (displacement) by as much 8.37% and hence, can better protect the shafts. 
Keywords： Precision engineering, Bearing, Flexures, FEA. 
1. Introduction 
Precision engineering devices often have small shafts surgery instruments, and mechanical watches. For 
supported by air bearings. For these shafts, even a small example, flexure mechanism achieves precision opening 
vibration may cause the shaft pounding against the motion of the micro grippers [11], Some interferometric 
bearing resulting in significant damage. To solve this instruments use flexure elements in high-accuracy linear 
problem, various designs have been developed. For guiding mechanism for closed-loop control in Corner 
example, a classical design developed by Breguet® over Cube Mechanism (CCM) [12]. Also, flexure structures are 
one hundred years ago is to use a two-piece jewel bearing, found in carbon fiber microrobotic mechanisms [13], 
While this method is effective, it has two limitations, ultra-precision beam steering with nanopositioning 
First, the jewels are expensive. Second, it introduces mechanism [14], or application in robotic hands [15]. 
additional assembly errors. Moreover, flexures are applied to compliant mechanisms, 
The other design is the flexible air bearing. Various such as diaphragm flexure for precision compliant 
studies of flexible air bearing can be found in the literature, mechanisms [16], active high-accuracy and large 
Examples include flexible rotor-bearings system [1’ 2], bandwidth mechanism [17]. 
flexible supports with gyroscopic effect [3], flexible rotor The new design is an air bearing with flexure that 
system on flexible suspensions used in high speed rotors provides 3D damping. The rest of the paper is organized 
for jet engines and turbopumps for space vehicles [4]. as follows: Section 2 presents the design. Section 3 
Studies also include the effects of bearing support contains the Finite Element Analysis (FEA) model 
flexibility on rotor stability and unbalance response [5], simulation results. Finally, Section 4 includes the 
rotor imbalance and misalignment in flexibly mounted conclusions and future work, 
machines or flexible rotating machine [6’ 7]. Modeling 
and simulation has become an important tool for the study. 2. The Design of the Nanobearing 
Recent reports include the numerical and experimental We proposed two different designs: one has 8 spiral 
study on the effects of the bearing support flexibility on slots in the radian direction, while the other has 12 T-
the rotor dynamic [8], air-bearing spacecraft simulators shape slots in the radian direction, as discussed in Section 
[9], and foundation model of flexible rotating machines 2.1 and Section 2.2 respectively. Both designs have the 
[10]. same flexure mountings cap, 3D_mount, on the axial 
This paper presents a new design based on flexure directions, which is described in Section 2.3. The designs 
structure. Flexure is a mechanical structure that uses the are drafted using a CAD software system SolidWork 
elastic deformation of the material to work as a joint or a 2.1. Design 1: Spiral Slots along the Radian Direction 
damper, delivering energy and motion from specified This design is shown in Figure 1. The bearing is made 
input ports to output ports. This compliant mechanism has of 1 mm thick stainless steel and the diameter of the hole 
some intrinsic advantages. First, it can be manufactured is 1 mm as well. To provide the damping along the radian 
without much difficulty. Second, it is lightweight. Third, direction of the bearing, it has eight spiral slots with each 
it can reduce the assembly errors. Moreover, it provides pairs slots being 45�apart. The width of the slot is 0.1 mm 
the necessary damping to protect the shaft. These merits and the length is approximately 8.80 mm. 
have made the flexures mechanism being used in many 
applications such as in MEMS, minimally invasive 
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“ ；:.二 ^ ： : ， • ： ) 只 锅 辑 I total length of slot is the same as the spiral design. This 
‘ Y'' ‘ 一 ‘‘ ^^v .^jVr： results in 0.44mm and leading outer radius = 1.04 mm. 
y Figure 3: Illustration of the bearing mounting cap 
2.3 Modeling of the bearing mounting cap: 3D_moimt 
" ^ l ^ ^ ^ I P P ^ As shown in Figure 3’ the bearing cap is 0.5mm thick 
circular disk formed by the revolution of a cross section. 
] ； (ail The cross section is made of three 0.4 mm diameter 
；/ . circular notch, which forms a flexure for providing 
•i-ij / '： � \ damping in the axial direction of the bearing. Note that the 
/ / y X " T ^ x / X \ cross section can be considered as a 4-bar linkage [18], 
/ / , \ ^ \ \ where the compliance is achieved by the flexure structure. 
{ V^v 2.4 Modeling of Bearing Assembly 
: • V ) The bearing assembly includes a shaft and a pair of 
�� I / � bearings. The shaft is 10 mm long, with 0.99 mm diameter. 
� . ‘ \ In other words, the gap between the bearing and the shaft 
I . : . . ' , ' � ：\ is I mm. The flexure-bearing system is aimed at 
/. - -) preventing the shaft being pounding against the bearings 
\ . • ； ' . / during an impact. For simplicity, it is assumed that screw 
\ / ； I mounting effect can be omitted in the FEA. 
Figure. 1: Illustration of spiral shape nanobeanng design 一 ^ ^ M / ‘ 
1 _ 夢 r 
‘ \ . . . , — 
\ N Figure 4: The bearing assembly with exploded view 
\ % \ “ 群 
< \ } / /' 3. FEA Model and Simulation Results 
. J i � _ / / 3.1. FEA Model 
The FEA simulation is carried out using a commercial 
_ _ _ L _ CAE software system Algor®. The temperature is set at 
. 26.67 °C，with no thermal variation. The material is 
Figure 2: Illustration of the T-shape nanobeanng design stainless Steel (AISI 302) cold-rolled. The weight of the 
whole bearing system is 20 grams. Thus, the gravitation 
2.2. Design 2: T-Shape Slots along the Radian Direction 化^ce is mg = 20 x 9.8 + 1000 = 0.196 N. This force is 
The second design is shown m Figure 2. The size and ivaient to the bearing being freely dropped above the 
the materials are the same as Design 1. Though, it consists ground vertically. 
of 12 T-shape slots along the radian direction, each slot is Assuming that initial velocity Vq = 0 and final velocity v厂 
30 degrees apart. The angle between the slots is 30°. The =。，and neglecting air resistance; furthermore, assuming 
dimension of the slot is shown in Figure 2’ with parameter there is no kinetic energy loss in elastic collision. Then, by 
'a ' being calculated using: a x (slots—number) = 360 x conservation of energy, Kinetic Energy + Potential 
(o/o rating). For a bearing with 12 slots with 60% Energy = constant, or Vimu^ + mgh = Yzmv^ + wg(0). By 
circumference rating a = 360° x 60% - 1 2 = 1 8 ° . : calculation, it follows that v = 6.26 ms''. 
calculating the length of the slot, d, it is assumed that the ^ ^ 
Assuming the bearing is being dropped 2 meters from the 
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ground and the impact time is /.�. = 1 ms, then, the impact 
force isF= ma = w.(v广 v) / /, = -125.28 N. ^ ^ ^ H ^ H j ^ ^ f e i ^ f e 
We wish to see if the new bearings are capable of 
reducing the deformation of the bearing when it is being ^ n H H l ^ ^ 
dropped onto the ground. Figure 5 illustrates its physical H B ^ H ^ S 
significance: the bearing is being dropped onto the ground H H H H ^ ^ ^ 職 、 齒 
is equivalent to a point force applying onto the bearing. 办， 
As a result, the bearing deforms and the deformation at 
the center hole is measured by dr. Note that the negative 
value would imply a reduction in radius, while the 
positive imply an increase in radius. 
(b) FEA simulation result (displacement near center hole) 
� Figure 6: A sample FEA simulation result of the bearing 
btniing 广 ^  、 \ 
befoie (广 \ \ y uupnct Table 1 summarizes the simulation results. From the 
f \ table, following observations can be seen: First, in the 
V y impact direction, x, the two new designs have less 
deformation. In particularly, the T-shape design reduces 
Z the deformation by 1.28%, while the spiral design reduces 
广广\ \ the deformation by as much as 8.37%. This indicates that 
二二也容 ( ( 、， y “―“ the new design will be able to provide better damping. 
iinpAcf I \ I X Second, in the direction, y, the two new designs have large 
\ ^ � � j丨 J deformation. Fortunately, this should not affect the 
^ ” stability of the bearing system as they deform into the 
Figure 5: deformation definition, dr, for bearing analysis Posmve range. 
3.2. The Impact Force on the Bearing 丁able 1: The displacement of hole radius, dr (in — ) 
Figure 6 shows a typical simulation result: Figure 6(a) 
shows the FEA model, in which a point force is applied Type of slot No slot T-shape S p i r ^ _ 
onto the bearing simulating the bearing being dropped and • In -2.5800 -2.5470 -2.3511 
hit the ground from the side. Figure 6(b) shows the _ d i r e c t i o n 
bearing deformation near the center hole from the FEA. _ 2.6154 8.2273 15.036 
Note that if the deformation is large enough (larger than direction 
the bearing / shaft assembly tolerance), the bearing will 
assert a large force onto the shaft. In worst cases, the shaft H The Impact Force on the Bearing Cap 
may even break. In our design, the flexure bearing cap acts as a damper. 
Figure 7 shows the FEA models in three difficult cases. In 
Figure 7(a), the point pressures are applied to the center of 
the bearing cap simulating the bearing had a direct hit. 
^ “ Note that the pressure P is calculated by P = F+ A = F + 
^ ^ ^ ^ ^ ^ (TT X ,-2) « 125.28N - ( t c X (0.3mm)^) « 443.10 Nmm-l In 
i ^ L Figure 7(b), a point force is applied to near the center of 
^ ^ ^ ^ ^ ^ ^ ^ ^ ^ ^ the bearing cap simulating the bearing had a sharp hit. In 
！ M ^ ^ ^ ^ ^ r a m W l Figure 7(c), an angled point force is applied to the bearing 
cap simulating an indirect sharp hit. In all the cases, the 
H ^ ^ ^ ^ ^ ^ ^ r a l displacement of the bearing is in a scale of 1 |am. This 
indicates that the bearing cap provides sufficient damping 
In order to evaluate the performance of the new 
design bearing cap for the whole system, three more cases 
尽 are considered on the assembled system. The first case is 
-:Tr.;TT-;.7r.yr'-''丨‘ Y shown in Figure 8(a), where a pressure is applied to the 
center of the bearing cap simulating a large direct impact 
on the bearing. The second case is shown in Figure 8(b), 
(a) FEA model: bearing dropped onto ground from side where an angled point force is impacted near the center of 
the bearing cap. Finally, the third case is shown in Figure 
8(c), where an angled point force is impacted away the 
center of the bearing cap. The results show that the 
displacement keeps on below l^m, or such displacement 
is mainly due to the vertical z-direction, which is not 
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critical to rotating performance. It further verifies the 
damping performance of the flexure structures, especially 
for the vertical deformation of the bearing cap 
(3D_mount), to protect the rotating behavior of the 
bearing systems. The simulation results are summarized in 
Tables 3，4 and 5 respectively. From the tables, it is seen 
that in all the cases, the new designs can provide sufficient 
protection for the shaft as the resultant deformation will 
not result in a contact to the shaft. Moreover, it seems that 






#1芸 Figure 8: Four cases in the FEA model 
Table 3: The maximum displacement (in |im) in Case 1 
Bearing Cap T-shape Spiral 
^ x-axis 2.280524021 5.327643717 
y-axis — 4.790755923 2.517650866 
二 … — • ^ z-axis 3.060923834 2.742754067 
"‘ magnitude 2.755242987 2.471297188 
(c) 
Figure 7: The deformation of the bearing cap Table 4: The maximum displacement (in nm) in Case 2 
under different impact conditions Bearing Cap T-shape Spiral 
x-axis 3.530838717 4.107992 
— y - a x i s 3.207204428 3.391255838 
z-axis 1.895073044 —1.969671395 
magnitude 1.6937555 1.957872611 “ 
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